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Abstract

A nonlinear state space model is developed, providing the kinematics and dynamics
equations for a rigid body satellite actuated by reaction wheels and magnetorquers.
Control allocation deals with the problem of how to distribute the control vector among
a redundant set of actuators. Due to physical actuator limitations, a constrained
control allocation problem is given. When performing aggressive maneuvers, there is
the risk that no feasible solution is found because of the violation of constraints. The
nonlinear state space model is implemented in Matlab and Simulink, applying a PD
controller. For modeling, the HYPSO, a smallsatellite at NTNU, is used as a case study.
The performance of the original model is compared with the model using a specific
control allocation method. The cascaded generalized inverses method introduced as a
computationally efficient method in the literature is applied to the spacecraft model. For
the attitude cases with no full controllability, it is shown through numerical simulations
that the spacecraft models applying the cascaded generalized inverses control allocation

method minimize the control error compared to the original spacecraft model.
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R} rotation matrix from frame F, to frame Fj []
R™ n-dimensional space of real scalar numbers [-]
RT set of positive, real scalar numbers [-]
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Chapter 1

Introduction

1.1 Motivation

A satellite needs to be positioned where it needs to be to perform orbit maneuvers.
Therefore, the attitude determination and control system (ADCS) needs to control the
satellite’s angular rotation around three axes.

Since an overactuated mechanical system with a redundant set of actuators is given,
a control allocation problem is handled. Control allocation is particularly relevant
when handling problems such as the loss of actuators due to saturation or failure. It
is necessary to establish proper control allocation where the satellite performs various
maneuvers specified in Chapter 1.3.1. The intention is to conclude for which attitude
cases specific control allocation methods perform better than the original model.

This master’s thesis presents a solution to the problem explained for the case study
of the HYPSO. The HYPSO is a smallsatellite developed at NTNU SmallSat Lab.
The abbreviation HYPSO stands for hyperspectral imaging smallsatellite for ocean
observation. The satellite has a hyperspectral camera onboard, which acquires images
while the satellite performs various maneuvers. The satellite images help observe

oceanographic phenomena along the coast of Norway to monitor climate change.
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1.2 Previous Work

1.2.1 Research at NTNU

Research for attitude control has been done within the last three years, especially on
sliding mode control [1], quaternion-based generalized super-twisting algorithm [2],
development of a testbed for hardware and software testing and verification [3], and
maximum hands-off control [4]. A significant milestone of research by the ADCS team
at NTNU SmallSat Lab is the specification of the slew maneuver in the context of the
HYPSO mission [5]. Currently, another research focus is on energy-optimal spacecraft
attitude control. The implementation results are under development on an internal

GitHub project, explained in Chapter 5.2.1.

1.2.2 Literature Review on Control Allocation

Control allocation (CA) is applied on marine systems, aerospace applications, and in the
automotive sector [6, p. 1087]. CA problems are typically formulated as optimization
problems. There exist various CA methods in the literature reviewed. The literature
distinguishes between static and dynamic as well as constrained and unconstrained
CA methods. Constraints are, for example, energy or fuel consumption, actuator rate
limitations, and other operational constraints. CA methods vary according to the
inclusion of actuator constraints and the computational method applied [7, p. 344]. In
[6] and [8], a brief overview of commonly used CA methods is presented. In [9], the
differences between unconstrained and constrained CA methods are introduced.

The direct CA method is presented in [10], [11], and [12]. In [13], [9], [7], and [14], the
dynamic CA method is introduced. The difference between both CA methods is that a
static CA provides the same control distribution regardless of the system performing a
maneuver or steady-state. When using a dynamic CA algorithm, the results depend not
only on the current distribution but also on the previous distribution [9, p. 2].

For CA, the Moore-Penrose inverse is commonly used. The redistributed pseudoinverse
method is also called cascaded generalized inverses (CGI) method. This CA method
requires only a finite number of iterations but does not always provide an optimal
solution. Simple CA schemes using generalized inverse matrices can be designed directly
using either a tailored generalized inverse or the "best" generalized inverse [10, p. 725].
The tailored generalized inverse to be found fits exactly the attainable moment subset at

particular points on the boundary. In the context of closed-form solutions within sectors,
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tailored generalized inverses are useful [12, p. 379]. The "best" generalized inverse is an
inverse maximizing the area of attainable moment space without violation of the control
constraints [10, p. 723]. Complementary to the Moore-Penrose generalized inverse,
[8] introduces a positive-definite and symmetric weighting matrix considering actuator
constraints. The concept of a weighted generalized inverse matrix is also introduced in
[15] and [16]. Additionally, in [13], the tuning of different CA methods using weight
matrices is discussed.

Another CA technique, daisy chaining, is discussed in [10] and [17]. The daisy chaining
CA method separates the available controls into at least two groups, and each group
generates arbitrary combinations of the moments desired [10, p. 724].

Furthermore, the literature distinguishes between cooperative and non-cooperative CA
methods. For example, daisy chaining is a non-cooperative CA method. Cooperative
CA methods are those where all available controls are modified simultaneously to fulfill
a time-varying command.

An alternative to CA is optimal control. Both CA and optimal control are tools to
resolve actuator redundancy [18, p. 142]. In [18], the relationship between optimal
control and CA is discussed. CA differs from optimal control in that CA separates the
regulation task from the control distribution task [18, p. 137].

1.3 Thesis Objectives and Outline

1.3.1 Thesis Objectives

The objectives of this master’s thesis are
1. to review the literature on control allocation briefly,

2. to build a mathematical model of the kinematics and dynamics of a rigid body

spacecraft and its actuators, and

3. to determine a torque distribution law for nonlinear control of a time-varying
attitude tracking problem where the satellite performs nadir pointing and single-

axis slew maneuvers.
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1.3.2 Thesis Contributions

For the application to attitude control of a rigid body spacecraft, the following contri-

butions in the master’s thesis are:

1. A modeling and simulation framework for the nonlinear attitude control of a rigid

body spacecraft actuated by reaction wheels and magnetorquers is built.

2. The cascaded generalized inverses CA method is applied to the spacecraft model
and is simulated for different attitude tracking cases, nadir pointing, and single-axis

slew maneuver, with and without full controllability.

3. By numerical simulations, the models are compared to evaluate when CA makes

sense and when it does not.

1.3.3 Thesis Outline

The introductory Chapter presents the thesis motivation and reviews the literature on
control allocation. The second Chapter introduces preliminary mathematical concepts
necessary for modeling, including the introduction of different reference frames, rotations
between frames, attitude parameterizations, and stability theory. The third Chapter
obtains the kinematic and dynamic equations for a rigid body satellite actuated by four
reaction wheels and three magnetorquers. Part of this is also the modeling of external
disturbance torques. The following Chapter explains different methods for distributing
the torque command from the attitude controller to the reaction wheels, considering
actuator failure for redundancy. The fifth Chapter presents the numerical simulations
with Matlab and Simulink, the simulation setup, including noise on the angular velocity
and attitude measurement, and uncertainties in the reaction wheel assembly. In the
sixth Chapter, the simulation results are shown, and practical implications of the results
are discussed. The final Chapter summarizes the findings of the thesis and outlines

future work.




Chapter 2

Preliminaries

2.1 Reference Frames

Coordinate frames or reference frames describe the satellite’s position and attitude and

specify the components’ spatial relationships.

2.1.1 Notation

A frame is denoted by F with frame-specifying subscripts 7, e, o, b, and w. Representing

a vector x in a frame F} gives xb.

Differentiating a vector x? with respect to time in the frame Fp gives

b

b 47 p

X = —X".
dt

Every frame consists of three orthonormal unit vectors.

$=> y=Y andza= 2 (10, p. 718]
x| lyl ||

denote unit vectors in the direction x,y, and z.

(2.1)

(2.2)

Calculating the cross-product x x y between vectors in three dimensions, the skew-
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symmetric matrix S(x) is used. The cross-product is defined as S(x)y, where

0 x3 X9 X1
S(x) = X3 0 x1 |»X= | x9 | € R™ (2.3)
X9 X1 0 X3

2.1.2 Earth Centered Inertial (ECI) Frame

The inertial frame JF; has its origin O; in the center of the Earth, and it is denoted by
Fi :{04;%4,¥1i,2;}. The X;-axis is pointing in the vernal equinox direction, the y;-axis
points 90°, spanning the equatorial plane together with the X;-axis, and the Z;-axis
points through the North Pole.

2.1.3 Earth-centered Earth-fixed (ECEF) Frame

The ECEF frame has its origin O, fixed to the center of the Earth, and its axes rotate
relative to Fi. The ECEF frame is denoted by F¢ : {O¢; Xe, ¥e, Ze }, where the X -axis
spans the equatorial plane and is pointing through the prime meridian, the y.-axis spans
also the equatorial plane, and the Z.-axis points out the North Pole. F, is necessary to
monitor the objects on the ground.

The term longitude describes an angle that moves from east to west (from 180° in the
east, 0° at the prime meridian, and 180° in the west). The term latitude describes a
motion of 0° at the equator, extending to 90° at either pole. The angular velocity of Fe
relative to F; about the z-axis is wze = [0 0 7.2921]T - 107 rad/s [19, p. 16].

2.1.4 Body Frame

The body frame has its origin O in the satellite’s center of mass and is denoted as
Fy : {Op; %y, 91,2y}, where the Xj-axis is the longitudinal axis, the y;,-axis is the
transversal axis, and the Zp-axis is the normal axis. It is a moving coordinate frame
that is defined by the principal axes of the satellite’s body.

The satellite’s inertial position rgb € R3, velocity ng € R3, and acceleration afb € R3
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are defined as

7
(’ Tip 2)

where Rf, represents the rotation from the perifocal frame to the inertial frame. Detailed

information on the perifocal frame is shown in Appendices B.2.1 and B.2.2.

The satellite’s velocity expressed in F; may be written as

Viel = Vi, + S (wie) - (2.5)

2.1.5 Orbit Frame

The orbit frame follows the satellite’s path as it orbits the Earth. It has its origin O, in
the satellite’s center of gravity (CG), and it is denoted by Fo : {Op = Op; X0, Y0, Z0},
where the X,-axis points in the direction of the orbit velocity vector, the Z,-axis points
in the direction of the Earth’s center of mass, and the y,-axis completes the right-
handed coordinate system. JF, is also known as Vehicle Velocity Local Horizontal
(VVLH) frame. In [20], different orbit classifications are defined. There is a classification
between Low Earth Orbit (LEO), Medium Earth Orbit (MEO), High Earth Orbit
(HEO), geosynchronous orbits, sun-synchronous orbits, and critical inclination orbits
[20, pp. 89-91]. Earth-observing satellites must be located near the Earth’s surface to
obtain a high image resolution. The satellite is assumed to orbiting the Earth at a low
altitude. In LEO, the altitude is between 160 to 2000 km. When atmospheric drag
effects are taken into account, the altitude is often greater than 300 km [20, p. 89].

The mean altitude of the HYPSO in F, is denoted by h, and given as 500 km. The

right-hand unit vectors of the orbit frame z,, ¥,, and X, may be written as

rl rl, x vi
- f%, Vo= Z?b ;b ,and %o = §o X Zo. (2.6)
‘rib 9 ’rib X Vil
S(ri vt
Applying (2.3) to (2.6) gives y, = ,M and %, = S(J0)Zo.
Hs(rﬁb)vib 9

Appendix B.3 introduces the required parameters to calculate orbital mechanics.
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Figure 2.1 illustrates the relation between inertial frame, body frame, and desired

frame.

Figure 2.1. — Reference frames for the satellite

21, p. 148120]

2.1.6 Wheel Frame

The wheel frame is denoted by F,,. Each axis of F, is fixed to the rotational axis of
each reaction wheel, and the vectors in F, have the same length as the number of
reaction wheels in the satellite. For modeling, it is assumed that JF, and F} do not

rotate relative to each other.
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2.2 Attitude Parameterizations

Commonly used sets of parameters for attitude representation are Euler angles, Euler
parameters, and quaternions. The latter parameterization is applied for modeling in
Chapter 3.

2.2.1 Euler Angles

Two sets of Euler angles are commonly used: the roll-pitch-yaw Euler angles and the
classical Euler angles. In general, there exist three Euler angles: ¢, 6, and .

Figure 2.2 shows that a rotation can be characterized as a sequence of a roll rotation by
an angle ¢ about the satellite’s longitudinal axis, a pitch rotation by an angle 6 about
the lateral axis of the satellite, and a yaw rotation by an angle ¢ about the satellite’s

vertical axis.

01\ Za
Zbh ¢
. Vo
y 3 Vr ¢
0
ll/ .
Va
Xa ¢)
14
0

Xb

Figure 2.2. — Roll-pitch-yaw Euler angles
[22, p. 225]

The rotation matrix for the roll-pitch-yaw parameters is defined by
Ry = R;(¢¥)Ry(0)Ra(9). (2.7)

Expressing the satellite’s attitude and desired attitude in Euler angle parameterization
gives

v = [qsvevdj]—r and lI’d = [¢d7‘9d7¢d]—l—' (28)
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The attitude error, parameterized by Euler angles, is defined as ¥ = ¥ — ¥ d-

2.2.2 Euler Parameters and Quaternions

Compared to the three Euler angles, Euler parameters use four variables to represent the
satellite’s attitude. This parameterization is more computationally efficient. The Euler
parameters, consisting of a scalar part n € R and a vector part € = [e4, €y, ez]T S ]RS,

are defined in terms of the angle-axis parameters by

n = cos 4
2
e = ksin g (2.9)

where k is the principal axis and ¢ is the principal angle [23, p. 331].
The unit quaternion q € R? is a four-dimensional vector which represents a rotation of
Fy relative to F,. It is denoted by

dp=a=1[n €'’ (2.10)

satisfying the constraint q ' q = 72 + €2 + 612; + €2 =1[19, p. 28]. This property is called
the unit property, because the quaternion vector is confined to have a unit norm.

The desired quaternion in a reference frame F; is defined as

aq = [ney]" (2.11)

and it also satisfies the condition q;qud = 1. There always exists an inverse of a unit
quaternion, identical to its conjugate [24, p. 49]. An inverse rotation [25, p. 779] can be

performed by getting the inverse conjungated of q used as
a=n-€". (212)

The quaternion inverse of q is defined as

-1 q
q =—. (2.13)
lall2
Similarly, the quaternion inverse of q; may be calculated as
T
, —€
o = M —al (2.14)
laallo

10
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When calculating the quaternion product of two unit quaternions, it gives a unit

quaternion

mmn2 — EIGZ

q=q1®q2 = 22, p. 234]. (2.15)

ni1€2 + n2€1 + S(€1)ea

The quaternion product is similar to a matrix multiplication, where the order of quater-
nion multiplication equals the order of matrix multiplication [24, p. 47]. The attitude

error quaternion may be calculated by the quaternion product as

nan -+ €€

e}
Il
A=}t

=q; ®q= (2.16)

™

nd€—neq— S(€q)e

representing the rotation of F relative to F; [26, p. 1150]. The attitude error quaternion
also satisfies the condition q'¢q = 1 (unity property).

Using the four-component quaternion representation for modeling has the advantage
that the model does not experience any singularities. The rotation matrix does not
need trigonometric functions. Additionally, the model can be easily referenced to the
coordinate system following the orbit [27, p. 1185].

Appendix A.3 specifies the transformation from quaternions to Euler angles.

11
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2.3 Transformation between Frames

2.3.1 Rotation Matrix and its Properties

A rotation is simply a coordinate transformation. When determining the satellite’s
attitude, the rotation matrix, a proper orthogonal matrix that transforms vectors from
a reference frame fixed in space to a frame fixed in the satellite’s body [24, p. 40], needs
to be estimated. The rotation matrix represents the physical attitude of the satellite’s
rigid body. It is denoted by RZ, representing a rotation from a frame Fj to a frame Fj.
The rotation matrix is a 3 X 3 matrix with nine elements. Rotation matrices are members

of the special orthogonal group of order three:
R €S0(3), SOB)={R|ReR>? RR"=R'R=Tanddet R=1}. (2.17)

This is called orthogonal property of the rotation matrix. Another property of the
rotation matrix is R} = (Rl‘f)T [22, p. 219].
A rotation matrix can consist of composite rotations. Then it is the product of the
single rotation matrices. A rotation from a frame F,; to a frame F, is the product of
a rotation from F, to Fj and a rotation from Fj to F.: RE = RgRg (22, p. 221]. In
case of three rotations, the total rotation from F, to F, is represented by the rotation
matrix R = RgR[c’Rfi.
The angular velocity w represents the satellite’s or reaction wheel’s rotational motion
relative to a fixed point, e.g., the origin of a reference frame. The rotation matrix RZ
transforms the coordinate vector in frame F, to the coordinate vector in frame Fj
according to

wey, = Row), (2.18)

where the equation v = Rt;fomvfmm [19, p. 20] has been applied.
An attitude maneuver transforms an initial attitude Ry € SO(3) and an initial angular

velocity to a terminal attitude Ry € SO(3) and a terminal angular velocity [28, p. 37].

2.3.2 Simple Rotations

A rotation can be described as a sequence of three simple rotations. Simple rotations

are described in [22]. According to (2.7), the complete rotation, consisting of composite

12
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rotations, may be written as
Rj = R:(¢)Ry(0)Rqe(¢) (2.19)

where matrix Ry becomes singular when 6 = :I:g [29, p. 9]. This rotation matrix,
parameterized by Euler angles, is also called direction cosine matrix (DCM). The

rotation matrix R{ transforms a vector wa to a vector wy, according to
b b
wd =Rijwoy = R (V)Ry(O)Rz(d)w . (2.20)

First, there is a roll rotation by an angle ¢ about the X-axis as shown in Figure 2.3.

bo
AL

Figure 2.3. — Rotation by angle ¢ around a;

The rotation from a frame F, with a right-handed set of three orthogonal unit vectors
{a1 ay a3} to a frame F}, with a right-handed set of three orthogonal unit vectors

{b1 b2 b3} [20, p. 323] is represented by the matrix calculating the vector products

aiby; ajbgs ajbsg 1 0 0
Ru(¢) = asby agsbg asbs | = | 0 cos¢ —sing]| -
agby agbs asbs 0 sin¢g cos¢

The elements of Ry(#) and R,(¢) can be found in the same way. The second rotation

is a pitch rotation by an angle # about the y-axis, represented by the rotation matrix

cosf 0 sind
Ry@)=|1 o 1 o |- (2.21)

—sinf) 0 cos@

13
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Third, there is a yaw rotation by an angle v about the z-axis, represented by the rotation
matrix

cos®p —siny 0
R.(¢¥) = sintyy cosv O] - (2.22)

0 0 1

2.3.3 Rotation from F; to F,

From the control perspective, the rotation between body frame with respect to the orbit
frame is where the most interest arises [30, p. 2]. The rotation between Fj and F, is
denoted as

R = {Cg,l Co2 02,3} : (2.23)

When the Z-axis is aligned with the z,-axis, the column vector 0273 isequal to [0 0 1]T

(31, p. 262]. The rotation matrix R is defined as

R) = R(q)=1I3x3 21S(e) + S%(e) 19, p. 28] (2.24)
772 4 e% - e% — e% 2ez€y — 2ne, 2ez€; + 2ney
= 2ez€y + 2n€, 772 - e% + e% — e% 2ey€e, — 2n€g (2.25)
2ez€, — 2ney 2ey€, + 2neg n2 — e% - 632/ + e%
Rewriting (2.25) with respect to the unity property of quaternions gives
1- 265 - 26% 2eg€y —2ne,  2€x€; + 2ney
Rg = | 2€z€y +2me, 1 26% — 26% 2ey€, — 2n€g (19, p. 29]. (2.26)

2ez€; — 2ney  2€y€z + 2neg 1 26% - 26321

Rg is necessary to transform quaternions to Euler angles (see Appendix A.3). The

angular velocity of Fj relative to JF,, expressed in body coordinates, may be written as

b b b
Wop = wibeowz(')o (2.27)

= wj-wochy 31, p. 263] (2.28)

where w{ is calculated in Appendix B.3 when introducing orbit mechanics and wf?b is
obtained by taking the integral of (3.23), specified in Chapter 3.4.1.

14
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2.3.4 Rotation from F, to F;

From (2.6), the rotation matrices
i e o p 0 i\ T
R} = [%o ¥o 20] and R?=(R}) (2.29)

result, where the unit vectors of F, are defined in (2.6).

2.3.5 Rotation from Fj to F

The rotation matrix in attitude error quaternion representation may be written as

R} = R(@) =I3s 2iS(E) +S%(e)
= R(QR(qs)' =RyR{)" (2.30)

where the rotation from F, to F,; is given by
RY = R(qq) = I3x3 - 274S(eq) + S%(eq). (2.31)

In addition, the rotation from Fj to F; is considered in the context of the error
quaternion, specified in Chapter 3.4.2.
Appendices B.2.2 and B.2.3 introduce other rotations.

15



Chapter 3

Kinematics and Dynamical System Model

In this master’s thesis, only rotational motions are considered. Kinematic and dynamic
equations of rotational motion are not as simple as those for translational motion, which
only represents the relation between position and velocity [24, p. 67], [29, p. 8]. Here,
the system has three degrees of freedom: roll, pitch, and yaw. The spacecraft is equipped
with more actuators than axes to control (r > n) [8, p. 1]. Thus, the rigid body is

overactuated.

3.1 Kinematics

When setting up kinematic equations, aspects of motion are handled without considering

forces and torques. Taking the time derivatives of the quaternion elements 7 and € gives

I
T] = *56 wob
, 1
é = 5[n I3x3 + S(e)]w?, [29, p. 10]. (3.1)

16
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where T(q) is the angular velocity transformation matrix, defined as

el

T(q) = (3.3)
nI3x3 + S(e€)

with the property T(q) ' T(q) = I3x3.

Similarly, the kinematic differential equation in terms of q; may be calculated as

: T
) d 1 —€ b
4 = =3 ! Wob,d (3.4)

. 2
€q nqI3x3 + S(eq)

and the kinematic differential equation in terms of q may be written as

(3.5)

flo}}

Il
il

Il
N | —
|
M

&
S

(=l

I3x3 + S(€)

M

where q is the attitude error quaternion, defined in (2.16), and dng is the error angular

velocity, which is defined as
~b b b b b b
Woh = Wob ~ Wob,d = Wip — RO""ZQO ~Wob,d- (3'6)

Because of the orthogonal property of the rotation matrix, specified in (2.17), the

rotational kinematic equation in terms of the rotation matrix may be written as
R’ =S (w%)R! =R?S (w? (3.7)
a ab a b ab) - :
Differentiating the angular velocity wgb in (2.18) with respect to time gives

o = Riwf, + Riw,. (3.8)

17
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3.2 Characteristics of HYPSO

The HYPSO is based on the CubeSat concept. Therefore, there exist technically
challenging restrictions in size and mass. It has a dimension of 0.2 x 0.1 x 0.3 m? in
width, depth, and height. The satellite’s mass is approximately 6.8 kg and has a surface
area of 0.06 m2. The central components of the satellite’s ADCS are four reaction
wheels, three magnetorquers, fine sun-sensors, a gyroscope, magnetometers, GPS, and
star-tracker. The first three components listed are actuators that cause the satellite to
rotate around its center of mass as desired. The other components are sensors detecting
the current attitude of the satellite.

The non-symmetric inertia matrix of the rigid body J € R**" is defined as

Jaz Jacy Jaz

J= L J=J">0. (3.9)

Jyz Jyy Ty
Joz Jzy J2z

The elements of the J matrix and other physical parameters of the HYPSO are listed in
Table 3.1.

physical parameter definition

max. exposed surface area A = 0.06 m?

moment of inertia about Xj-axis Jzz = 0.0775 kgm2
moment of inertia about yp-axis Jyy = 0.1067 kgm?
moment of inertia about Zj-axis J,, = 0.0389 kgm2
products of inertia Jay = Jyz = —0.0005 kgm?

Jyz = Joy = —0.0002 kgm?
Jow = Jzz = 0.0002 kgm?
drag coeflicient Cqg=2

residual dipole of the satellite mb = 0.0125

Table 3.1. — Physical parameters of the HYPSO

18
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3.3 Environmental Disturbance Model

The satellite’s environment and actuators can cause external forces and torques. They
act on the satellite as it orbits the Earth. Modeling the perturbations such as orbital
dynamics and the Earth and sun disturbances is necessary to obtain the required model
accuracy. Orbital perturbations depend on the orbit type and altitude chosen [32, p.
150]. The disturbance torques are typically smaller than the near-maximum reaction
wheel torque deployed during rotation [27, p. 1189]. It is assumed that the wheel friction

can be neglected.

3.3.1 Gravity Gradient Torque

In a low orbit, the satellite does not experience the same force on all its body parts.
The gravitational force makes the satellite rotate towards the Earth with respect to the
principal axis of inertia [25, p. 780]. The torque generated due to the gravity gradient
Té’g € R" is defined as

1
oy = 371, 5S(ch 3)Ich 5
(‘rib 2)
. 2 b b
= 3(wp) S(co3)Jcs 3 (3.10)

’

where cl(’)’g =RL0 0 1]7 and J is the non-symmetric inertia matrix of the rigid body

as given in (3.9).

3.3.2 Atmospheric Drag Torque

Aerodynamic forces in near-Earth orbit lead to dragging and thus reducing the altitude
over time [25, p. 780]. The force acting on the satellite due to atmospheric drag can be

written as )

,Ca (3.11)

b
Vrel

b 1
firag = F atm Adrag
where the atmospheric density pagm is 1.7741 - 10712 kg/ m?3, Adrag is the maximum
exposed surface area of the satellite, and Cgq is the drag coeflicient. erl is the satellite’s
velocity expressed in body coordinates and it is defined as

vl = RIRYV! (3.12)

rel = rel
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where Vﬁel has been specified in (2.5). Thus, the aerodynamic torque 77, € R™ can be
written as
b b
Tatm = fdrag(cpa - Cg) (3.13)

where cg is the center of gravity, given as
cg = [-0.0009 0.0006 - 0.0433]T

and cp, is the aerodynamic center of pressure, defined as

g % ~0.001 -0.001 —0.001 0.001
d d
cpa=[0.001 0.001 5 -5 0.001 -0.001
h h
0.02 002 002 002 o 3

where w, d, and h are the spacecraft’s dimensions defined in Chapter 3.2.

3.3.3 Magnetic Torque

A residual magnetic dipole that interacts with the Earth’s magnetic field is generated
by the electronic devices inside the satellite. The torque due to the magnetic dipole,
denoted by 2 € R, is defined as

b =D x B (3.14)

where D is the residual dipole of the satellite and B? is the Earth’s magnetic field. D

may be calculated as
y[ 05 14 2577

= 1m _—— [ _

V3 V3 V3
Remark: The Earth’s magnetic field, expressed in body coordinates, is modeled using
the International Geomagnetic Reference Field (IGRF) model. The Matlab/Simulink

implementation shows the detailed calculation. The magnetic field vector is necessary

D (3.15)

for calculating the external disturbance torque due to the magnetic dipole and the

momentum dumping torque in Chapter 3.6.1.
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3.3.4 Solar Radiation Torque

The force acting on the satellite due to solar radiation pressure is calculated as

1
V2
Fap A
fsbrp = S(':rp %(1 +17) cos « \}5 (3.16)
0

where Fgp is the solar constant, given as 1367 W/ m?2, ¢ is the speed of light in vacuum,
given as 2.9979 - 108 m/s, and Agp is the maximum exposed surface area of the satellite.
The angle of incidence of the sun is given as & = 0 © and the emittance 7 is 0.2. Radiation
and particles from the sun generate a perturbation torque 'rsbrp € R", which is defined

as

Tsl;p = fsbrp (Csrp — Cg) (3.17)

where cgp is the center of solar pressure and cg is the center of gravity. Both are
calculated similarly to (3.13).

3.3.5 Total External Torque Acting on the Satellite

The sum of environmental torques Tebxt € R", expressed in body coordinates, can be

written as

b b b b b b
Text = Tm T Tog + Tdrag + Tsrp(+7-noise)' (3.18)

Chapter 5.2.2.1 considers noise on the measurement of the attitude, parameterized by
quaternions, and of the angular velocities.
The total external perturbing force acting on the satellite is the sum of the single

perturbing forces: febXt = f(lljrag + fsbrp.
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3.4 Rigid Body Dynamics and Nonlinear State Space Model

3.4.1 Rigid Body Dynamics

The Newton-Euler equations of motion are applied to build the dynamical model of the
satellite. The dynamical model describes the relationship between applied torque and
angular momentum in a rigid body. A non-symmetric inertia matrix is used for the
dynamic spacecraft model. The inertia matrix of the spacecraft and its reaction wheels

may be calculated as
J=J+AJA" (3.19)

where J is defined in (3.9) and J is defined in (3.27). The total angular momentum,

expressed in Jj, may be written as
h® = Jwh +hl [24). (3.20)

The total torque acting on the satellite 7% € R? can be described as the sum of actuator

torques and disturbance torques. Taking the time derivative of (3.20) gives

db

b b\7, b b b, b
" = S(wip)Jwi, + S(wip)Jsws + Tex (3.21)
and
- b b b b b
Jwy = —S(wy)Jwiy + Tact + Texs
= “S(whh’ -7l + b+ 18 (3.22)
where
wf = I [S(wh)Teh + ATwl’) -7l + g + T
= J! {fS(wfb)(jw?b + AJsw) - AJswd + Tr?ltq + Tebxt} . (3.23)

3.4.2 CL Error Dynamics

Differentiating (3.6) with respect to time gives the angular velocity error dynamics:

b b mbed b .d
wWo, = wi - Rgwig— Rgwiy
b b ~b b
= wp - wig +S(@)wiy (3.24)
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where
- b b,-.d b - b b
wiy =Rygws + Rows, — S(wog)Rows,. (3.25)

There is a comparison between the two vectors representing the current attitude and
the desired attitude. The attitude error represents the difference between attitude
estimation and the true value [23, p. 331]. The attitude error quaternion is calculated
in (2.16).

In [33], the choice of equilibrium points for attitude stabilization is specified. The

attitude error quaternion has the two equilibrium points
1. positive equilibrium point: 4 = [+1 0 0 0] is chosen if 7 > 0, and
2. negative equilibrium point: G =[-1 0 0 0] is chosen if 7 < 0  [34, p. 2785].

The vector G4 corresponds to the rotation ® = 0 © around one arbitrary axis and G_
corresponds to the rotation ® = 360 © around one arbitrary axis. The physical attitude
of g+ and q- is the same, but it is mathematically different because of a rotation of 27
around one arbitrary axis [33, p. 3].

The equilibrium points are taken into account when investigating stability properties in
Chapter 3.8.1.

3.4.3 Nonlinear State Space Model

The nonlinear state space model can be written as

o L i
7 € “ip
el 5 133 +S(€)] (3.26)
Wy I [S(wh)Iwl, + S(wh) ATswl — ATl + T + T8
s’ Jg! [Tsw - JsATw?b} |

by combining the differential equations derived in Chapters 3.1, 3.4.1, and 3.5.4.
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3.5 Reaction Wheel Characteristics and Dynamics

3.5.1 Reaction Wheel Characteristics

The satellite consists of a rigid structure and has spinning reaction wheels inside. A
rigid body combined with rotating wheels is commonly denoted as a gyrostat. Wheels
complete with motor and drive electronics are often referred to as reaction wheel
assemblies (RWAs). The satellite’s attitude can be varied by adjusting the speed or
orientation of its internal gyrostats [35, p. 544]. Reaction wheels must maintain the
desired attitude of the satellite. For modeling, identical reaction wheels are assumed.
Reaction wheels operate by accelerating a wheel in one direction, forcing the satellite to
rotate in the other direction [25, p. 778]. Reaction wheels are spinning about a fixed
axis of inertial symmetry, such that the total amount of inertia can be assumed constant
in Fp [29, p. 11]. A reaction wheel can be described as a torque providing motor with
relatively high rotor inertia. The HYPSO is equipped with reaction wheels from the
manufacturer NanoAvionics. The physical parameters of the RWA are listed in Table
3.2.

physical parameter definition

motor inductance L, = 0.0005 H

motor resistivity Ra = 6.67 Q2

motor torque constant Kty = 0.00588

back electromotive constant Ke = 0.00589 Vs/rad
constant DC Voltage of RW Va=5V

Motor viscous friction coefficient bmotor = 6 - 1077 Nms /rad
moment of inertia of the motor I = 2.2984 - 107 kgm?

Table 3.2. — Physical parameters of the RWA

The axial reaction wheel inertia matrix J5 € R'*" is defined as a diagonal matrix

containing the wheel axial inertias. It may be written as

Js = slyxyg, Js =g for j ={1,2,3,4} (3.27)
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This actuator is often also referred to as momentum wheel. The amount of torque
provided depends on the size of the rotor and motor, usually in a range from 0.01 Nm
to 1 Nm [36, p. 3283]. The range for the maximum angular momentum produced by
the reaction wheel is between 2 to 250 Nms and for the maximum rotational speeds
between 1,000 to 6,000 rpm [24, p. 148]. The reaction wheel characteristics, including

the saturation bounds defined by the manufacturer, can be found in Table 3.3.

criteria definition

single reaction wheel
dimensions 43.5 x 43.5 x 24 mm?
weight 137 g

Iy = 2.29 - 10° kgm?
3.1657 - 1074 rad/s

moment of inertia

jitter variance

max. acceleration W max = 4500 rad/ 52
max. speed Wg'max = 6500 rpm

wy’ = 1000 rpm each RW
Thax = 3.2-10% Nm

steady state
max. torque
max. momentum storage h¢'max = 20 - 103 Nms
Py=45-103 W
power consumption (steady-state) Py =150-103 W
reaction wheel assembly (RWA)
dimensions 92.5 x 92.5 x 51.3 mm?3
weight 760 g
T sy, = 59103 Nm
Tdhnax, = 5:9-1073 Nm

T hax, = 2-5-10% Nm

power consumption (idle)

max. torque around Xp-axis
max. torque around ¥p-axis

max. torque around Z;-axis

power consumption (idle)

power consumption (steady-state)

max. momentum storage around Xj-axis heax, = 37+ 1073 Nms
max. momentum storage around y;-axis h;‘jmaxy =37-1073 Nms
max. momentum storage around Zj;-axis hax, = 15.6 - 1073 Nms

P.=180-103 W
Ps =600-103 W

Table 3.3. — Reaction wheel specifications given by the manufacturer NanoAvionics
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3.5.2 RWA Distribution Matrix

The reaction wheel assembly distribution matrix A € R**" | A : R' — R represents

the transformation from Fy, to F;. The matrix A may be written as
A=a]as ... a (3.28)

where the column vectors a; € R" for j = {1,2,...,r} specify the direction of the wheel’s
rotation axes. The number of columns in the RWA distribution matrix is equal to the
number of reaction wheels.

Three reaction wheels along each axis are required to ensure full three-axis control.
RWASs usually consist of more than three wheels for redundancy and performance [36, p.
3283]. Ome possible reaction wheel configuration is the tetrahedron structure, as shown

in Figure 3.1.

Figure 3.1. — Four reaction wheels in a tetrahedron configuration
(NanoAvionics)

For the tetrahedron configuration, the matrix A is defined as

a —-a 0 0
A=|}p b ¢ ¢ |, wherea?+b?=c?+d*>=1 [24,p. 154]. (3.29)
0 0d d

2
Because of the RWA configuration described, the matrix elements are a = ¢ = \/g and

b:d:\/?
3
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Due to space limitations, a different RWA configuration is applied to the HYPSO as
shown in Figure 3.2. The RWA configuration consists of three orthogonally placed
reaction wheels with respect to each Fj-axis, and a fourth reaction wheel has the spin
axis inclined 54.7 © with respect to each Fp-axis [21, p. 14823].

Figure 3.2. - NASA standard RWA configuration

24, p. 155]
The matrix A is defined as
1 0 0 «
A=1|0 1 0 B |, wherea®+8%+9>=1 [24, pp. 154-155] (3.30)
0 0 1 ~

for the RWA configuration applied to the HYPSO. Due to the RWA configuration

described, the matrix elements are « = f = v = —.

V3
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3.5.3 Pseudoinverse Matrix for Different RWA Configurations

The pseudoinverse matrix for the tetrahedron RWA configuration (3.29) is defined by

a  (b?+c2)
1 b
1] a (b2 + ¢2) 0
AT = 3 . ) 24, p. 156]. (3.31)
0 - _
(b? +¢2) d
1
o < 1
L (b* +c2) d]
The pseudoinverse matrix is defined as
L+52++*  —af —ay
1| - 1+a?++% -
At =2 of oty by 24, p. 157] (3.32)
—ary By 1+ a? + p?
| «a B v

for the NASA standard RWA configuration applied to the HYPSO (3.30).

Remark: The pseudoinverse matrices (3.31) and (3.32) are very specific for the RWA
configurations described. Chapter 4.4.2 introduces the generalized inverse matrix used

for control allocation.

3.5.4 Reaction Wheel Dynamics

When setting up dynamic equations, variables like angular momentum and torque are of
particular interest. The axial angular momentum vector of the reaction wheels h® € R”

is defined as

h! = AJw? +JATwY
= Jwl+IATWY. (3.33)

The error in the RWA’s angular momentum is defined as

h) = AJ (w;” fw;"’d) =Jg (wg wab’d) . (3.34)
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The axial acceleration of the RWA is defined as

Wl =JJ AT AT (3.35)

where J;1 € R™T is the inverse of the reaction wheel inertia matrix defined in (3.27),
7'1? is the control input vector generated by the PD feedback controller defined in (3.46),
and w? is defined in (3.23).

The torque generated by the reaction wheels is given by
7 = Jsw. (3.36)
Expressing the RW torque and angular momentum with respect to Fp gives
w_ A+ [b b b b
T, = A {Ts,l 752 75,3 Ts,4} +n (3'37)

and T
hY = AT [hl; hly Bl hly| +n (3.38)

where n € R" | n € N(A) is a vector in the nullspace of the RWA distribution matrix.
Rewriting (3.37) gives the L£o-norm

Il = AT (AAT) 2

L2 (st)T (AAT){ An + ||n|,

(st>T (AATf1 72 + |nlf, . (3.39)

Setting n = 0 minimizes [|7"||5. The Lz-norm of the angular momentum can be
calculated similarly. The pseudoinverse matrix represents an Lo-algorithm, because the
Lo-norm of the vector consisting of the single reaction wheel momenta is minimized [37,
p. 1607].
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3.6 Magnetorquer Characteristics and Dynamics

3.6.1 Magnetorquer Characteristics

The magnetorquer helps to stabilize the rotational speed of the reaction wheels [38,
p. 527]. Magnetorquers are used for momentum unloading and desaturation of the
reaction wheel assembly [38, p. 525]. Table 3.4 shows the magnetorquer characteristics,

including the saturation bounds defined by the manufacturer NanoAvionics.

criteria definition
mass 3lg
dimensions R5.5 x 83.9 mm

max. dipole magnetic moment strength mb = 0.42 Am?

max. MTQ moment around X;-axis mg = 0.84 Am?
max. MTQ moment around y;-axis mg =0.42 Am?
max. MTQ moment around 2;-axis mg = 0.42 Am?
power consumption Pmtq = 0.86 W

Table 3.4. — Magnetorquer specification given by the manufacturer NanoAvionics

3.6.2 Magnetorquer Dynamics

3.6.2.1 Detumbling Torque

Magnetorquers perform detumbling to slow and stabilize the angular velocity of the
satellite while acting on the Earth’s magnetic field. The torque generated by the

magnetorquer may be calculated as

Thiq =m’ x B (3.40)
where m? is the magnetic dipole moment generated by coils and B? = [Bg BZ BQ]T is
the local geomagnetic field vector. m? may be written as

m’ = kB’ (3.41)
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For simplification, [31] assumes that the time derivative of the magnetic field in F; is

approximately zero in the polar regions [31, p. 264]. Taking the time derivative of B

gives

B’ = R/B'+R/B’
= B’ xw} +R!B

— S(wh)B? 31, p. 264].

3.6.2.2 Momentum Dumping Torque

The momentum dumping torque may be calculated as

k _, B
b m (b)

T, 5
"B,

md B

(3.42)

(3.43)

where ﬁg is the error in the angular momentum for the reaction wheels as calculated in

(3.34) and ky, > 0 € R is a desaturation control gain.
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3.7 Proportional-Derivative Feedback Controller

The attitude maneuver is based on a PD feedback controller (quaternion-based control).
Figure 3.3 shows a simplified control loop used in [21]. The PD controller uses feedback
from q and ‘:’Zo)b' The trajectory is given by the continuous angular velocity from F; to

Fo, expressed in body coordinates, denoted by wg e

Th

Xt

[ q [ q | l l
ol ; y
wl b b T w

1 Ty = :’
>(-) > PD Controller » A > > J.,] > 1 »  Spacecraft
q
w"]
Figure 3.3. — Spacecraft and RWA closed loop control system
The control law is defined by
b= ~Kpsgn(n)é - Kd‘bgb for pointing and (3.44)
0 = Kpsgn(ij(t))é(t) - Kp@?y(t) for slewing, where (3.45)

~ 1lwhen>0 Vt>0
sgn(7(t)) = and
-1 whennp <0 Vt>0

Kp,Kg > 0 € R are the controller gains.

The signum term implies a discontinuous controller. See [2] for an in-depth treatment.
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3.8 Concepts of Stability and Convergence

3.8.1 Control Problem

After modeling, it is necessary to validate the model concerning the existence and
uniqueness of solutions. It is necessary to check if the model meets the desired system
behavior specifications and if the closed-loop (CL) system dynamics behave well. There
exist two types of control problems: the regulation problem and the tracking problem.
For the regulation problem, the reference state is constant. Here, the origin x..t = xq is
the equilibrium point to be stabilized. The desired CL system behavior is fulfilled if
f(t, xpef) = 0, tlgrolo x(t) = Xpof, and the system stays close to the equilibrium point if it
starts close to it.

This is an asymptotic stabilization problem, where it is required to find a control law
such that x,¢f is an asymptotically stable equilibrium point of x = f(t,x). In other
words, the origin should be an asymptotically stable equilibrium point of the system
written in error coordinates. The state error e = x—x,.f = 0 should be an asymptotically

stable equilibrium point of the CL error dynamics

& = X—Xyof =% =1{(t,x)

= f(t, e+ Xyer) (3.46)

For the tracking problem, a time-varying reference state is given and the system state
should follow the trajectory. The desired CL system behavior is fulfilled if the system
converges to the trajectory. The Lyapunov stability property says that the system
stays close to the trajectory if it starts close to the trajectory. It also leads to an
asymptotic stabilization problem, where it is required to find a control law such that

e = X—X(t) = 0 is an asymptotically stable equilibrium point of the CL error dynamics
€ = X Xper(t)

= f(t7 € + Xpef u) - Xref(t) (3-47)

3.8.2 Stability Theory

The characterization of a solution being stable, unstable, attractive, (locally) asymptoti-
cally stable, (locally) exponentially stable, globally stable, or globally asymptotically
stable is specified in [19, p. 532] and [39, pp. 8-10]. In [40, pp. 16-24], geometrical and
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algebraic criteria for stability are introduced.

The stability analysis based on Lyapunov’s Theorems concentrates on the stability of
critical points [39, p. 6]. When considering time-invariant systems of the form x = f(x),
f is assumed to be locally Lipschitz. It guarantees a unique solution locally, and not
the existence of a unique solution globally. Together with additional conditions in the
Lyapunov Theorems, the local Lipschitz condition guarantees the global existence of a
unique solution.

Another method to analyze Lyapunov stability properties is Lyapunov’s indirect method
which is often referred to as Lyapunov’s linearization method. Using Lyapunov’s indirect
method, it is impossible to determine whether x is globally asymptotically or globally
exponentially stable.

In [31], the kinetic energy is used for stability studies. A possible Lyapunov function
candidate (LFC) is the satellite’s kinetic energy. The kinetic energy of the HYPSO may
be defined as

1

T T 1 T
5(wj?b) Johy+ (wh) ATl + 5 (W) | Il (3.48)

B, =
kin 2

Based on Lyapunov’s stability theory, [41] and [42] also discuss details about the

stabilization of angular velocity.
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Chapter 4

Control Allocation

4.1 Control Allocation Concept

The CA problem is distributing a desired total control effort among a redundant set
of actuators. The actuators are referred to as the control surfaces available on the
spacecraft. Figure 4.1 shows that CA generates virtual control commands v(t) and
transfers and allocates them to the satellite’s control surfaces [7, p. 343]. CA has
to calculate a control input u(t) that ensures that the commanded virtual control
commands v(t) are generated by all actuators cooperatively [7, p. 343]. The CA
problem is formulated in terms of v € R", and the solution is then mapped to u € R"
by CA [18, p. 138].

r Y
—— Control v Control u . -
o - ) >  Aircraft
- law allocation
x

Figure 4.1. — Control allocation scheme

[13, p. 1029]

The constrained linear mapping problem

v(t) = Bu(t) (4.1)
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represents the CA problem. Matrix B € R®**! is called the control effectiveness matrix,
representing the actuator effectiveness in generating moments. It is assumed that the
actuators are linear in their effectiveness. For B, the negative RWA distribution matrix
A is used, representing the physical geometry of the reaction wheels. The highest
priority is on providing the virtual control command in (4.1).

The main objective of CA is error minimization [11, p. 704]. Defining the virtual control

error to be minimized gives

& = Bu(t) - v(t). (4.2)

The control error to be minimized for the original spacecraft model is defined by
e=-ArY -7 (4.3)

where 70 = ~ATY is equivalent to (4.1).

36



4. Control Allocation

4.2 Control Constraints

Here, a constrained CA problem is handled because control constraints are taken into

account.

4.2.1 Definition of Control Constraints

The actual control vector u has to consider the following position and rate constraints:
Upin < u < upax , 0] < urate [9, p. 2]. (4.4)
Transforming the rate constraint in (4.4) into position limits gives
u(t) <u<au(t) [13, p. 1029]. (4.5)

Note that (4.4) and (4.5) are meant component-wise.

The upper and lower bounds are defined by

u(t) = max[upiy , u(t—T)— urateT] (4.6)
u(t) = minfumax , u(t—T) + urateT] 9, p. 2] (4.7)

where T is the sampling time.

4.2.2 Attainable, Admissible, and Feasible Controls

As mentioned in Chapter 3, more than three independent actuators are in use. In
general, there is an infinite number of solutions to the CA problem. Most of these
solutions are not realistic due to control limits resulting from the actuator’s physical
geometry [43, p. 1].

A set of attainable controls can be generated given the actuator’s physical limits. The

attainable controls v € R" are constrained to
Qy={veR"|v=Bu, ueQ,} CR" (4.8)
where €, is the subset of admissible controls:

ueQy, Qu={ueR" | upipn <u<upax} CR". (4.9)
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feasible virtual control set

Figure 4.2. — Feasible virtual control set for position limits 0 © and 360 °

The values of u € R" satisfying the constraints are feasible. If a feasible solution
exists, at least one optimal solution exists. The values of u € R* that do not satisfy
the constraints are referred to as infeasible. For the minimum position limit 0 © and
maximum position limit 360 ©, the feasible virtual control set is shown in Figure 4.2,
where the red (inner) set is the feasible virtual control set with linear allocation according

o (4.8) and the blue (outer) set is the feasible virtual control set with constrained
allocation according to (4.9).

Unattainable controls are moments that are impossible to achieve such that no valid
solution exists [43, p. 1]. When the control law requests a desired moment outside
the attainable moment subset, unattainable moments occur [43, p. 2]. Unattainable
moments can lead to inadmissible control solutions [43, p. 5]. Thus, incorporating
actuator limits and providing an admissible control solution is required [43, p. 1].
Inadmissible controls occur, especially during fast and aggressive maneuvers where
all actuator capabilities are utilized and exceeded. There exist two ways to deal with
inadmissible control solutions. On the one hand, scaling the control vector such that no
element exceeds the limit is possible. On the other hand, prioritization of primary and

secondary objectives is possible.
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4.3 Failure of Actuators

4.3.1 Actuator Saturation

In the context of CA, it is important to consider the physical limitations of the reaction
wheels like saturation, tear, or wear. In case a reaction wheel is saturated, it may need

a higher amount of torque than available [44, p. 3]. Rewriting (4.1) gives
v = B sat(u) (4.10)

where the saturation function is defined by

u if jlul<u
sat(u) = [l < Ve 19, p. 250]. (4.11)

sgn(u) if |u| > umax

As shown in Figure 4.3, the actuator is not able to produce any higher output signal
when the control input exceeds the actuator limit, and the current control input is
constant, equal to the maximum. Such an input saturation makes the closed-loop system

nonlinear.

sat(u)

min Unax

Figure 4.3. — Saturation function for an actuator

The saturation function does not depend on the input’s history, so the nonlinearity is
memoryless and has no dynamics. A linear system cannot approximate the saturation

function because its time derivative is not defined in the two points upi, and Umax-
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Such nonlinearities can generate limit cycles, which are a specific type of oscillation. A

limit cycle is a stable periodic solution, and it has the characteristic
3 T > 0 such that x(t +T) = x(t) vt > 0. (4.12)

Another notable characteristic is that limit cycles occur without external periodic input

(e.g., compare linear systems perturbed by a sinusoidal input signal).

4.3.2 Fault-Tolerant Control

When considering actuator dysfunctions, fault-tolerant control (FTC) also is of impor-
tance. A fault can have undesirable effects on the system operation, e.g., degrading the
system function. Dysfunctions can be noticed when actuators are not performing their
desired function. FTC intends to compensate or eliminate the negative effects of faults
on the system and to ensure that the system remains in a safe state under fault condi-
tions. Active FTC needs to maintain minimum stability requirements when actuators
experience loss of control effectiveness. A particular type of fault is lock-in-place. This
type of fault usually occurs, for example, due to a structural blockage that prevents the
actuator from moving. The lock-in-place fault results in unwanted negative moments
that deflect the aircraft from its desired trajectory [7, p. 343].
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4.4 Controllability

4.4.1 Generalized Inverse Matrix

Appendix A.1.2 introduces the invertibility feature of a matrix. In CA, the generalized
inverse of the control effectiveness matrix B needs to be calculated. If matrix B is right

invertible, the right inverse of B is
+ T T\ 1
B"=B' (BB") 45, p. 398)] (4.13)
and if matrix B is left invertible, the left inverse is
+ Te) 1T
B = (B'B) B 45, p. 398]. (4.14)

The matrix BT is often referred to as Moore-Penrose inverse matrix [46, p. 1]. In the
context of CA, the matrix BT is calculated as in (4.13) when rk(B) = n.
According to [45, p. 397], the matrix B satisfies the following conditions:

« BB*B =B,
. BtBBT = BT,

. (BB+)T — BB™, and

. <B+B>T — B+B.

Another type of generalized inverse beyond the Moore-Penrose inverse is the Drazin
generalized inverse [45, pp. 401-403]. This type of matrix is not a common one in the

literature reviewed on CA in Chapter 1.2.2.

4.4.2 Full Controllability and No Full Controllability

A differentiation is made between the cases with full controllability and no full controlla-
bility for the simulation of different attitude cases. The difference is particularly the rank
of the system, as defined in Appendix A.1.1. In the case of full controllability, control
effectiveness matrix B has a full rank and affects all three axes. Full controllability
is given when the system is fully controllable since it is rank n. If there is no full

controllability, not all three axes can be affected by matrix B.
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4.5 Dynamic Control Allocation

4.5.1 Formulation of the CA Problem

Given a set of feasible control inputs

Qu=argmin {||Wy [Bu(t) - v(t)] ||o} [13, p. 1029] (4.15)
u(t)<u(t)<u(t)
which minimizes the virtual control error Bu(t)—v(t), weighted by Wy, pick the control

input which minimizes the cost function

. 2 2
u(t) = arg(m)m{HW1(u(t) —ug(6)ll2 + [Wa(u(t) —u(t - T))[5} (4.16)
u(t
and it has to be solved under the equality constraint (4.1).
W, € R**™ is a weight matrix, affecting the prioritization among v(t). W1 € R**" and
Wy € R ! are referred to as control position and control rate weighting matrices. Wy

and Wy are assumed to be symmetric [13, p. 1029]. Thus, the combined weight matrix

1
W= (Wi +Ww3)2 (4.17)

is non-singular [13, p. 1029]. The matrix W determines which actuators should be
used primarily. The tradeoff between W1 and Wy is characterized by having a large
W that induces fast convergence to desired actuator positions and a large W9 that

prevents actuators from moving too fast [13, p. 1029].

4.5.2 Solution of the CA Problem

According to the first Theorem in [13], the explicit solution of the problem specified in
(4.16) is given by

u(t) = Buy(t) + Fut-T) +Gv(t)  [13, p. 1030] (4.18)
———
dynamic part
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where
+
G = WI(BW!H  Ger (4.19)
E = (Lx.- GB)W ?2W? | E ¢ R™" (4.20)
F = (Lix.— GB)W W3 | F e R, (4.21)

It is important to note that Wy is not a O, matrix when calculating F. Otherwise, a
static control distribution is determined by omitting the dynamic part in (4.18).

According to the second Theorem in [13], all eigenvalues of F, A\(F), satisfy
0<AF) <1 (4.22)
if W is non-singular. Note that the number of non-zero A(F) equals the dimension of

N(B) [13, p. 1033].

4.5.3 Steady-State Properties

If uqy satisfies Buy = v, the steady-state control distribution of (4.18) is given by

lim u(t) =uy (4.23)

t—o0

according to the third Theorem in [13].
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4. Control Allocation

4.6 Redistributed Pseudoinverse Control Allocation Method

4.6.1 Formulation of the CA Problem

The CGI control allocation method intends to approximately solve the bounded sequential
least-squares problem

in (W ()} (424

where €y is the set of control signals solving (4.15), and €2, minimizes the virtual control

error, weighted by matrix Wy.

4.6.2 Solution of the CA Problem

The optimal control vector is defined by
u=BTv (4.25)
Applying the weighted generalized inverse
BT =w, BT (BW(}BT)J (16, p. 452] (4.26)

and rewriting (4.25) gives

-1
u=W,B'" (BW,/B") v. (4.27)
The algorithm stops if the solution determined does not violate the constraints. If

elements of the control vector u exceed the limits, the matrix B is changed by zeroing

out the column corresponding to the reaction wheel saturating or failing [11, p. 705].

4.6.3 Tailoring of the Generalized Inverse

An alternative to the calculation of the generalized inverse is tailoring. Theorems 1 and
2 in [10] are used to calculate the tailored generalized inverse in the context of control
allocation.

Interpretation of Theorem 1: BT must satisfy

W =B"Bu' & BB Iu =0 Vu cR" (4.28)
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4. Control Allocation

where the constrained control vectors mapping to the boundary of 2y, §(£2y), are denoted
by
W ={uecQ, N NB"B-I,x] | BucQ}. (4.29)

Checking if there exists any BT that satisfies all points in €, without violation of the

control constraints gives
3?BT [u=B"v*, ucQ,, Vv (4.30)

where the subset of v lying on the boundary of €y, 6(2y), is denoted by v*. Similarly,
the subset of u lying on the boundary of y, §(€y), is denoted by u*. From Theorem 1,
it follows that the controls u’ span R'. Thus, not all u’ can lie in N/ [B+B —Inxn]. The
conclusion is that there exists no generalized inverse of B providing solutions everywhere
on the boundary [10, p. 721].

Interpretation of Theorem 2: For no more than (r — n)n arbitrary values of v,
equation u = BTv is satisfied exactly. This Theorem implies that the generalized
inverse cannot be "anchored" at more than (r — n)n points on the boundary [10, p. 721].
The idea is to calculate a tailored generalized inverse for each sector, and the inverses
yield the unique solution exactly at the points of intersection with the boundary of €.

According to [10], a partition of B and BT is possible as follows:

B = [B:: By, B; e R™" |By|#0, By R™(™) (4.31)
By

BT = | |, Bf eRY™ B eROTXM (10, p. 721]. (4.32)
BJ

Thus, the relationship between B and BT may be described as

BB* = Inxn
& BiBf +ByBf = I
&Bf = (By)!'-(By) 'ByBj [10, p. 721] (4.33)

4.33) implies that any choice of BJ ultimately determines BT [10, p. 721].
2

Similarly, the admissible control vector u* may be partioned into

ut = cuf e R uy e RO 110, p. 722] (4.34)
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where uj = [uj ui2]T and uy = [uj u%yz]—r. According to [10], it is required to

solve only B;v* = u*, where v* denotes the attainable controls. Thus, calculating

Bj ¢ RI1)XN0 giyeg

+

+ . *

- (B7)'

= (Bf)’

T T T
vi)' (Bf) = (uin)
T T T
v3) (B;) = (uaz)
- T
UT,Q
_u§,2
SRR T
* *
(vi) HL20 10, p. 722). (4.35)
(v uj 9

Finally, the single inverses (4.33) and (4.35) may be merged to the tailored generalized

inverse according to (4.32).
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Chapter 5

Simulation of Spacecratt Model and Con-

trol Allocation

5.1 Satellite Mission

Table 5.1 gives a list of the ADCS target types of interest. When detumbling, magne-
torquers have to slow down and stabilize the spin rates of the satellite while acting on
the Earth’s magnetic field.

Pointing is characterized by the vector that points or is aligned. When pointing, the
satellite points the remote-sensing instruments to a certain point for scientific observa-
tions. This means, e.g., nadir (straight down) or fixed-target pointing. At nadir, the
desired Euler angles for roll, pitch, and yaw are defined to as ®;=[0 0 0]" and the
corresponding quaternion parameterization is the vector qg =[1 0 0 O]T. During
nadir pointing, the spacecraft’s Z,-axis points along the position vector towards the
Earth’s center, perpendicular to the Earth’s surface. As the satellite points to nadir,
the hyperspectral camera captures data in a push-broom fashion when moving over the
ground. The satellite must rotate once per orbit around the pitch axis with a rotation
rate that varies due to the orbit being non-circular to remain the satellite pointing at
nadir. From this, an angular velocity about the satellite’s center of mass is required.
Having momentum bias in the Z;-axis of the satellite naturally tends to orient it at nadir.
During fixed-target pointing (ECEF tracking), the satellite points towards a reference
point or performs target tracking on the Earth’s surface or space. The hyperspectral
camera does not scan the ground in push-broom fashion while in this mode but instead

stacking several frames with a limited field of view in-track.
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5. Simulation of Spacecraft Model and Control Allocation

ADCS tar- | description actuators | sensors used SC face
get types used
detumbling | SC uses magnetor- | MTQs magnetometers, | all  SC
quers to despin and sun-sensors, and | faces
stabilize during EPS gyroscopes
safe mode and critical
mode
nadir point- | SC points the Z,-face | MTQs and | magnetometers, | Z,-face
ing at nadir RWs SUnN-sensors,
gyroscopes (or
IMU), and
star-tracker
velocity vec- | SC points arbitrary | MTQs and | magnetometers, | arbitrary
tor pointing | face towards velocity | RWs sun-sensors, and
vector gyroscopes
slew maneu- | SC performs slew ma- | MTQs and | IMU and star- | Zp-face
ver neuver for HSI imag- | RWs tracker
ing

Table 5.1. — Target types for ADCS

Figure 5.1. — Satellite performing a single-axis slew maneuver

5, p. 7]

As shown in Figure 5.1, the single-axis slew maneuver is composed of the sequences
slew preparation, start imaging at an angle 6y, image acquisition at a constant angular
velocity wlo)b " end imaging at an angle 0y, data processing, and downlink. In Figure

5.1, the orbital distance is denoted by s,, and the ground distance is denoted by sg.
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5. Simulation of Spacecraft Model and Control Allocation

The starting and final along-track footprint are denoted by xp(tp) and xp(ts).

During slew preparation, the satellite must maneuver to the reference viewing angle 6y by
actuating its reaction wheels to generate momentum along the in-track direction. Once
the sensing axis hits the reference angle, the spacecraft actuates again with momentum
in the opposite direction, and the slew rate is held as constant as possible.

Slewing shall happen about the y-axis with the lowest inertia (I ;). From this, it
follows that the star-tracker must be positioned with at least initial points, at best at all
times towards space. The satellite must slew at a constant angular rate along 1-axis to
have a consistent set of frames mapping the ground. To avoid disturbances and random
noise from several sensors, only the gyroscopes/IMU and reaction wheels are assumed

to operate in this mode.

49



5. Simulation of Spacecraft Model and Control Allocation

5.2 Setup

5.2.1 Matlab/Simulink Implementation

The implementation that is part of this master’s thesis is available on the internal
GitHub page of the NTNU SmallSat Lab [47]. In addition, the implementations of other
research projects listed in Chapter 1.2.1 are also available there.

Figure 5.2 shows the implementation scheme. There exist two Simulink models for the
simulation of a single attitude case: one for the original spacecraft model (Simulink),
and one for the model applying a specific CA method (e.g., Simulink_CGI). Some
functions of the Simulink models base on the m-functions for kinematics from professor
Thor I. Fossen’s marine systems simulator (MSS) toolbox [48].

The spacecraft model performing pointing does not require a kinematic equation g4
to determine the attitude error variables 77 and € for the PD controller. To run the
Simulink models, it is necessary to define simulation parameters beforehand, such as
the initial and desired states xg = [qp wgb’() wé’jO]T, and x; = [qq wgbd wsujd]T
This task is done in the m-file main. The simulation starts for all cases at time ty) =0's
and ends at time ty = 200 s. The magnetorquer mode is set to momentum dumping for
all attitude cases and the detumbling torque is zero. After a successful simulation of
the models, the variables of interest are saved in a the data files Simulation_Data, and
Simulation_Data_CGI. From this, the plots for the simulation of the two models are
generated using the m-files Plots and Plots_CGI.

An author who published several papers on constrained CA, Ola Harkegéard, provides
a Quadratic Programming Control Allocation Toolbox (QCAT) with implementation
suggestions of various CA methods [49]. The m-functions applied are vview and vview_-
demo to view the attainable virtual control set according to the definitions in Chapter
4.2. To perform the CGI control allocation method, the m-functions cgi_alloc, and
pinv_sol are applied. To perform the CGI control allocation script provided by the
toolbox, the following input parameters are required: the control effectiveness matrix
B € R™*’, commanded virtual control v € R®*! lower position limits umyi, € R*™*!,
upper position limits umax € R™, desired control uy € R**1, virtual control weighting
matrix Wy € R?* control weighting matrix Wy € R'*' and the maximum number
of iterations. Chapter 5.5 describes the tuning of the CA parameters, depending on if

an attitude case with full controllability is given or not.
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L

jus)
jus)
0
jms}
jus}
jus}
jus]

Value

[0.0349;0.0175,0.0873]
[0;0;0

100

2.2984e-05

1

0.8400,0.4200,0.4200]
[-0.8400;-0.4200;-0.4200)
Hq0 0.9989;0.0178;0.0080,0.0.
Hq d [1:0,00]
Hu 0 [-5.0000e-06;2.7000e-05;-..
Hu_max 0.0032;0.0032,0.0032:0.0.
Hu_min [-0.0032;-0.0032,-0.0032;..
Huw._ie 0,0,7.2921-05)
Hw.ob [1.7453¢-04;3.4907e-04:1
wobd  [000]
w_w0 [209.4395,209.4395;209.4...
worwd  [209.4395209.43952094...

w_rw_max 680.6784
w_rw_min  -680.6784
Wu
Wv [50,0,0;0,20,0;0,0,50)

original spacecraft model

simulation settings

A 4

CA algorithm applied to model

vy w2 e

plot results
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>
>
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19632 double
19632 double
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save variables of interest

et ety o Sy o e

plot results

Figure 5.2. — Implementation scheme
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5. Simulation of Spacecraft Model and Control Allocation

The output of the CA algorithms of the toolbox is the (approximately) optimal
solution u € R", compared to the RW torque 7’ provided by the original spacecraft
model. Furthermore, the number of iterations, or the number of pseudoinverse solutions,
is computed. The number of iterations is a suitable criterion to evaluate computational
effectiveness.

Further details on the implementation are provided in Appendix D.

5.2.2 Noise and RWA Uncertainties

5.2.2.1 Noise

Noise is added to the system on three variables:

T
1. The standard deviation of the noise on w is set to 2% rad/s, representing

jittering on the reaction wheels (vibrations).

2. The standard deviation of the noise on wf.’b is set to 1-1076 rad/s, representing

the measurement noise on the inertial measurement unit (IMU).

3. The mean of the noise on the attitude q is set to 0.01°, representing noise on the

startracker measurement (misalignment).

5.2.2.2 RWA Uncertainties

A small value perturbs the nominal RWA distribution matrix on each column before it
is normalized [1, p. 48]. The perturbed RWA distribution matrix

0.9879 0.0902 —0.1098 0.5442
A=10.1098 09918 -0.1098 0.6385 [1, p. 153] (5.1)
~0.1098 0.0902  0.9879 0.5442

represents the real RWA placement. Adding the uncertainties to the model may be
done by setting the variable UNCERTAIN_WHEELS to one in the m-file main.
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5.3 Simulation of Pointing with Different Angles to Attain

The PD controller gains are set to K, = 0.005 and K4 = 0.03 for all pointing cases. For
all pointing cases, the initial angular velocity of the spacecraft is defined as wgb 0=
0.01 0.02 0.01]T °/s, and for the desired state it is defined as w’ ,=[0 0 0] °/s.

5.3.1 Pointing With Full Controllability

Tables 5.2 and 5.3 show the simulation parameters for the pointing cases one to eleven,

where full controllability is given.

criteria definition

Pointing - Case 1: §;, =0 °
initial state ®p=[215"°
desired state ®,=10000"°

Pointing - Case 2: 6; =20 °
initial state $)=1[2 24 5] °
desired state ®,=1[0 20 0]"°

Pointing - Case 3: §; =40 °
initial state ®)=1[2 45 5]' °
desired state ®,=100 40 0]7 °

Table 5.2. — Simulation parameters for the first three pointing cases

For the first three pointing cases, the initial RW angular velocity is defined as
wep = [2000 2000 2000 /3 2000]T rpm, and the desired state is defined as
w;‘:d = [2000 2000 2000 —+/3 2000]" rpm. In the pointing cases four to thirteen, the
initial attitude is defined as ®9 = [2 24 5]T °, and the desired attitude is defined as
P,=1[0 20 O]T °. Table 5.3 shows the settings for the pointing cases four to eleven.
When saturation occurs, the RWA distribution matrix does not change. When a failure
occurs, the column of the malfunctioning reaction wheel is equal to zero. In the pointing
cases one to eleven, the RWA distribution matrix A has full rank. So these attitude

cases are referred to as cases with full controllability.
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criteria

definition

Pointing - Case 4: §; = 20 °, saturation of RW 1

initial state

desired state

wly =[6589 2000 2000 —+/3 2000] " rpm
w?, = [2000 2000 2000 —+/32000]" rpm

Pointing - Case 5: 6; = 20 °, saturation of RW 2

initial state

desired state

w?y = 12000 6589 2000 —+/3 2000]" rpm
W, =[2000 2000 2000 —+/3 2000]" rpm

Pointing - Case 6: 0; = 20 °, saturation of RW 3

initial state

desired state

wly =[2000 2000 6589 —+/3 2000] " rpm
wl, =[2000 2000 2000 —+/32000]" rpm

Pointing - Case 7: 0; = 20 °, saturation of RW 4

initial state

desired state

wly =[2000 2000 2000 - 6589] " rpm
w?, = [2000 2000 2000 —+/32000]" rpm

Point

ing - Case 8: 6; = 20 °, failure of RW 1

initial state

desired state

w? =10 2000 2000 —+/3 2000]" rpm
W, =0 2000 2000 —+/32000] rpm

Point

ing - Case 9: 0; = 20 °, failure of RW 2

initial state

desired state

wl) =1[2000 0 2000 —+/3 2000]" rpm
w, =1[2000 0 2000 —+/32000]" rpm

Pointing - Case 10: §; = 20 °, failure of RW 3

initial state

desired state

wl) =[2000 2000 0 —+/32000]" rpm
w®, =[2000 2000 0 —+/32000]" rpm

Pointing - Case 11: §; = 20 °, failure of RW 4

initial state

desired state

w®) = 12000 2000 2000 0]" rpm
W, = (2000 2000 2000 0] rpm

Table 5.3. — Simulation parameters for the pointing cases four to eleven
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5.3.2 Pointing With No Full Controllability

Table 5.4 shows the settings for the twelfth and thirteenth pointing cases, where two

specific reaction wheels fail.

criteria definition
Pointing - Case 12: §; = 20 °, failure of RWs 1 and 2
initial state wg/p =10 0 2000 - V3 2000] " rpm
desired state wg'y =[0 0 2000 - V/32000] T rpm
_ 1 A
000 @
RWA matrix A=]0 00 ?
(001
Pointing - Case 13: 6; = 20 °, failure of RWs 1 and 4
initial state wy =[0 2000 2000 0]" rpm
desired state w!y = [0 2000 2000 0]" rpm
0 0 0O
RWA matrix A=10100
0010

Table 5.4. — Simulation parameters for the twelfth and thirteenth pointing case

In the pointing cases twelfth and thirteen, the RWA distribution matrix A has a rank

of two (< n). So these attitude cases are referred to as cases with no full controllability.
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5.4 Simulation of Slewing at Different Angular Velocities

The PD controller gains are set to K = 0.0075 and K4 = 0.05 for all slewing cases. In
the slewing cases four to thirteen, the satellite rotates from 6y = —40 ° to fy = 40 ° at

a constant angular velocity of Wlo)b y = —0.007 rad/s.

5.4.1 Slewing With Full Controllability

Table 5.5 shows the simulation settings for the first three slewing cases. For the
first three slewing cases, the initial and desired RW angular velocity is defined as
w;‘jg = [2000 2000 2000 —+/32000] " rpm and w, = [2000 2000 2000 ~v/32000] T rpm.

criteria definition
Slewing - Case 1: wlo’b’y = —0.0035 rad/s
initial state dp=[2 20 —5]"°
why p =[0.01 0.02 0.01]T °/s
desired state d ;=100 20 0]T ©
wb =10 -02 0T °/s
Slewing - Case 2: wlo’b y = 0.007 rad/s
initial state dp=[2 ~40 -5]"°
why p =[0.01 0.02 0.01] °/s
desired state dy=1[0 40 0]T ©
wb =10 —04 0T °/s
Slewing - Case 3: wlo)b,y = -0.0105 rad/s
initial state dp=[2 -60 —5"°
why g =[0.01 0.02 0.01)7 °/s
desired state d;=1[0 60 0]T °
wb =10 -06 0 °/s

Table 5.5. — Simulation parameters for the first three slewing cases
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Slewing cases one to eleven are characterized by full controllability, as defined in
Chapter 5.3.1.

criteria

definition

Slewing - Case 4: w?, = -0.007 rad/s, saturation of RW 1

obyy —

initial state

desired state

wy’p = [6589 2000 2000 - /3 2000] T rpm
RW dynamics (3.5.4) in Fy

Slewing - Case 5: wgb y = —0.007 rad/s, saturation of RW 2

initial state

desired state

w¥y =[2000 6589 2000 /3 2000] rpm
RW dynamics (3.5.4) in Fy

Slewing - Case 6: w’, = -0.007 rad/s, saturation of RW 3

oby —

initial state

desired state

w¥y =[2000 2000 6589 /3 2000] rpm
RW dynamics (3.5.4) in Fy

Slewing - Case 7: w?, = -0.007 rad/s, saturation of RW 4

obyy —

initial state

desired state

wg’p = [2000 2000 2000 - 6589] " rpm
RW dynamics (3.5.4) in Fy

Slewing -

Case 8: wzb y, = 0.007 rad/s, failure of RW 1

initial state

desired state

wl) =1[0 2000 2000 —+/32000]" rpm
w, =1[0 2000 2000 —+/32000]" rpm

Slewing -

Case 9: wgb y = 0.007 rad/s, failure of RW 2

initial state

desired state

wly =1[2000 0 2000 —+/3 2000]" rpm
w?; =[2000 0 2000 /3 2000]" rpm

Slewing - Case 10: “’Io)b y = —0.007 rad/s, failure of RW 3

initial state

desired state

wl) =[2000 2000 0 —+/32000]" rpm
w?, = [2000 2000 0 —+/32000]" rpm

Slewing - Case 11: w?, = -0.007 rad/s, failure of RW 4

obyy —

initial state

desired state

wy = [2000 2000 2000 0] rpm
w®, = [2000 2000 2000 0] rpm

Table 5.6. — Simulation parameters for the slewing cases four to eleven
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5.4.2 Slewing With No Full Controllability

Table 5.7 shows the settings for the twelfth and thirteenth slewing cases, where two
specific reaction wheels fail. Slewing cases twelve and thirteen are characterized by no
full controllability, as defined in Chapter 5.3.2.

criteria definition

Slewing - Case 12: wgb y = —0.007 rad/s, failure of RWs 1 and 2

initial state wg/p =10 0 2000 - V3 2000] T rpm
desired state wg'y =[0 0 2000 — V/32000] T rpm
Slewing - Case 13: wgb,y = -0.007 rad/s, failure of RWs 1 and 4
initial state wy =[0 2000 2000 0]" rpm
desired state w!y = [0 2000 2000 0]" rpm

Table 5.7. — Simulation parameters for the twelfth and thirteenth slewing case
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5.5 CGI Control Allocation for the Defined Attitude Cases

5.5.1 CGI Control Allocation for all Attitude Cases

Table 5.8 shows the control allocation settings for all attitude control cases, where the
maximum and minimum reaction wheel torques have been specified in Chapter 3.5.1.
The characteristics of matrix B, full controllability or no full controllability, are detailed
in Chapters 4.4.2, 5.3.1, and 5.3.2.

criteria definition

Pointing and Slewing - all Cases

control effectiveness matrix B = —A (spacecraft model)
commanded virtual control v =7 (spacecraft model)

lower control limit Upin = [Tsffmm quf]min Tslf}min Tgf’min]T
upper control limit Umax = [Tomax Temax Te.max Tgf’max}T
desired control vector uy = B1v (spacecraft model)

max. number of iterations imax = 100

sampling time T =0.25

Table 5.8. — CGI CA settings for all attitude control cases

5.5.2 CGI Control Allocation for Attitude Cases With Full Control-
lability

Table 5.9 shows the CGI control allocation settings for all attitude cases (pointing and
slewing). Chapter 6.1 presents the simulation results for the attitude cases with full
controllability.

Remark: From the later evaluations in Chapter 6.1 and Appendix E, it is evident
that the original spacecraft model fulfills the defined requirements very well. Thus, no
additional tuning by weight matrices is necessary for the cases with full controllability.

Only identity matrices are applied here.
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criteria

definition

Pointing and Slewing - Cases 1 to 11

control weighting matrix

virtual control weighting matrix

Wu:

W, =

1

0
0
0
1
0
0

0

1
0
0
0
1
0

0

0
0
1

_ o O O = O O

Table 5.9. — CGI control allocation settings for attitude cases with full controlla-

bility

5.5.3 CGI Control Allocation for Attitude Cases With No Full Con-

trollability

Table 5.10 shows the settings for CGI control allocation for all attitude cases with no

full controllability. Chapter 6.2 presents the simulation results for the attitude cases

with no full controllability.

criteria

definition

Pointing and Slewing - Cases 12 and 13

control weighting matrix

virtual control weighting matrix

Wu:

WV:

50

0

0
0
0
0

2

0 0
0 0
50 0
0 20 |
0 0
0 0
0 50

Table 5.10. — CGI control allocation settings for attitude cases with no full con-

trollability
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Chapter 6

Simulation Results and Discussion

When comparing the variables of the original model with those of the CA model, it
is necessary to check whether the results to be compared show stability in the sense
of Chapter 3.8. Furthermore, high accuracy in attitude tracking and angular velocity
tracking performance is required. The RMS of ® and dng are used for comparison. It is
essential to check if the constraints defined in Chapter 4.2 are not violated and if the
solution is feasible. The original model is placed on the left and the modified model on
the right side for all comparisons.

Practical implications of the results are discussed in Chapter 6.3.

6.1 Simulation Results for Pointing and Slewing Cases
With Full Controllability

This chapter presents the comparison for the second and ninth pointing and slewing cases
exemplarily. For the attitude tracking cases with full controllability, complementary

plots are shown in Appendix E. As expected, the left and right sides behave similarly.

6.1.1 Comparison for the Second Pointing Case

For the second pointing case, Figures 6.1, 6.2, 6.4, 6.5, and 6.7 show that the variables
converge to the desired states as defined in Tables 5.2 and 5.8. Figure 6.3 compares the
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attitude tracking performance (RMSE), and Figure 6.6 compares the absolute power of

the reaction wheels. Complementary plots for this case are shown in Appendix E.1.
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6. Simulation Results and Discussion

6.1.2 Comparison for the Second Slewing Case

For the second slewing case, Figures 6.8, 6.9, 6.12, 6.13, and 6.15 show that the variables
converge to the desired states as defined in Tables 5.5 and 5.8. Figures 6.10 and 6.11
show the angular velocity and attitude tracking performance (RMSE). Figure 6.14
compares the absolute power of the reaction wheels. Complementary plots for the second

slewing case are shown in Appendix E.2.
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6. Simulation Results and Discussion

6.1.3 Comparison for the Ninth Pointing Case

For the ninth pointing case, Figures 6.16, 6.17, 6.19, 6.20, and 6.22 show that the
variables converge to the desired states as defined in Tables 5.3 and 5.8. Figure 6.18
compares the attitude tracking performance (RMSE), and Figure 6.21 compares the
absolute power of the reaction wheels. Complementary plots for the ninth pointing case

are shown in Appendix E.3.
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6.1.4 Comparison for the Ninth Slewing Case

For the ninth slewing case, Figures 6.23, 6.24, 6.27, 6.28, and 6.30 show that the variables
converge to the desired states as defined in Tables 5.6 and 5.8. Figures 6.25 and 6.26
compare the angular velocity and attitude tracking performance (RMSE). Figure 6.29
compares the absolute power of the reaction wheels. Complementary plots for the ninth

slewing case are shown in Appendix E.4.
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6. Simulation Results and Discussion

6.2 Simulation Results for Pointing and Slewing Cases
With No Full Controllability

6.2.1 Comparison for the Twelfth Pointing Case

For the twelfth pointing case, all plots on the left hand side show chaotic and non-stable
properties. Figures 6.31, 6.32, 6.34, 6.35, and 6.37 show that the variables on the
right side (modified model) converge to the desired states as defined in Tables 5.4 and
5.8. Figure 6.33 compares the attitude tracking performance (RMSE), and Figure 6.36
compares the absolute power of the reaction wheels. Complementary plots for the

twelfth pointing case are shown in Appendix F.1.
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6.2.2 Comparison for the Twelfth Slewing Case

For the twelfth slewing case, all plots on the left hand side show oscillating and non-stable
properties. Figures 6.38, 6.39, 6.42, 6.43, and 6.45 show that the variables on the right
side converge to the desired states as defined in Tables 5.7 and 5.8. Figures 6.40 and
6.41 compare the angular velocity and attitude tracking performance (RMSE). Figure

6.44 compares the absolute power of the reaction wheels. Complementary plots for the

twelfth slewing case are shown in Appendix F.2.
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6.2.3 Comparison for the Thirteenth Pointing Case

The plots shown on the left side imply that the system behaves unstable. Figures 6.46,
6.47, 6.49, 6.50, and 6.52 show that the variables on the right side (modified model)
converge to the desired states as defined in Tables 5.4 and 5.8. Figure 6.33 compares the
attitude tracking performance (RMSE), and Figure 6.51 compares the absolute power

of the reaction wheels. Complementary plots for the twelfth slewing case are shown in

Appendix F.3.
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6.2.4 Comparison for the Thirteenth Slewing Case

The plots shown on the left side imply that the system behaves unstable. Figures 6.53,
6.54, 6.57, 6.58, and 6.60 show that the variables on the right side converge to the
desired states as defined in Tables 5.7 and 5.8. Figures 6.55 and 6.56 compare the
angular velocity and attitude tracking performance (RMSE). Figure 6.59 compares the

absolute power of the reaction wheels.

Complementary plots for the thirteenth slewing case are shown in Appendix F.4.
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6.3 Discussion of Results

Here, the results presented in Chapters 6.1 and 6.2 are discussed. For this purpose,
tables are created for comparing the performance of both models with respect to wd,
w2y, RMS of ®, RMS of &gb, €, and the RW power. An "X" marks the model that
shows a better performance for the variable of interest. If an "X" is set for both models,
then this means that the performance is similarly good.

Table 6.1 shows the evaluation of performance for the second and ninth pointing and
slewing cases. It may be concluded that both models perform similarly with respect
to the variables of interest. The missing "X" in Table 6.1 may be due to the tuning of
the weighting matrices. Table 6.2 shows the evaluation of performance for the attitude
cases with no full controllability. Compared to the results in Table 6.1, it can be shown
for the attitude cases with no full controllability that the models where CA methods are
applied show a significantly better performance with respect to all variables of interest.
Deviations can also occur due to not defining an initial state ug when using the CGI
allocation method. For pointing, the attitude tracking accuracy is strictly smaller than
0.1 °. For slewing, the angular velocity tracking performance is strictly smaller than
0.08 rad/s, and the attitude tracking performance is strictly smaller than 1.4 °. One of
the crucial differences lies in minimizing the control error by the CGI allocation method,
which converges nicely to zero. Furthermore, it should be mentioned that the number
of iterations for all attitude cases for the modified model is one. Thus, the computer
had to compute only one generalized inverse until the optimal vector u € R" was found.
Moreover, all solutions calculated by the CGI algorithm are feasible in the sense of
Chapter 4.2. It may be assumed that the saturation limit is exceeded on the left side
for a longer simulation time, and the solution is no more feasible.

It should be noted that here only cases with a certain degree of controllability are
presented. What remains to show are numerical simulations for attitude cases without
controllability, e.g., when all but one reaction wheel fail. It remains to be seen whether
CA would be suitable for this case since something is being allocated that does not

exist.

86



6. Simulation Results and Discussion

criteria

original model

CGI CA

Pointing - Case 2

X

Mo

ol

Slewing - Case 2

Mo K

X

SR Tl

Pointing - Case 9

X

Mo

Moo

Slewing - Case 9

w
S

b
“Wop
RMS &

RMS @&?,

w

e

RW power

ST I R R

>~

S

Table 6.1. — Discussion for attitude cases with full controllability

87



6. Simulation Results and Discussion

criteria

original model

CGI CA

Pointing - Cases 12 an

d 13

w
wS

b
Wob

RMS &

e

RW power

I o I

Slewing - Cases 12 and 13

w
wS

b
wob
RMS &
~b
RMS @b,

e

RW power

ST I B R

=

Table 6.2. — Discussion for attitude cases with no full controllability

88



Chapter 7

Conclusions and Future Work

7.1 Findings

For the definition of the CA problem, the reaction wheel torque 7’ was applied as
the (optimal) control vector u to be calculated. An Lo-norm is used to determine
how good the solution or approximation u is. By the configuration of weight matrices,
the distribution of reaction wheel torques can be affected. It is shown that the CGI
allocation method, which is referred to as computationally efficient, performs very well
for attitude cases when a reduced rank of the system is given. The primary objective
of CA, to minimize the control error €&, is fulfilled. It is shown that the CA method
applied does not make sense in the attitude cases when the system is characterized by

full controllability.

7.2 Future Work

Applying other CA methods for attitude cases with no full controllability is an area
of interest for future research. It would be interesting to investigate whether the CGI
allocation method also performs well compared to other CA methods. For example,
other CA methods could remove some degrees of freedom and render the CL system not
being fully controllable. Another field of research in the future could be investigating

the composition of the RWA and the particular role of the fourth reaction wheel tilted.
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Appendix A

Matrix Mathematics

A.1 Key Features of a Matrix

A.1.1 Range, Rank, and Null Space

The range of a matrix A € R**" is denoted by R(A), and it is defined as
R(A) = {Ax,x € R"} (A.1)
R(A) is a subspace of R", and
R(A) = span{coli(A),...,col;(A)} (A.2)

is valid [45, p. 102]. Expressing matrix A as a function gives A : R" — R". From
this, it follows that R(A) = AR" [45, p. 102]. The null space of a matrix A € R**" ig
denoted by NV (A). It is defined as

N(A) ={x e R Ax =0} (A.3)
N (A) is a subspace of R" and it can be written as

N(A) = {[row1(A)]T,..., [rowa(A)] T }+ (A.4)
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The rank of a matrix A € R®*" is denoted by rank(A). It is defined by
rank(A) = dimR(A) (A.5)

where dim is the dimension of the set. The rank equals the number of linearly independent
columns of A over R [45, p. 104].

A.1.2 Invertibility

For every non-singular matrix B, exists a unique inverse B!
BB !=B!B=I 46, p. 1]. (A.6)

For rectangular matrices like the control effectiveness matrix, the generalized inverse is
built. A matrix B is referred to as left invertible if there exists a matrix BX € R¥*2
that leads to

B'B = Iy, 45, p. 106], p. 106. (A7)

A matrix B is referred to as right invertible if there exists a matrix BR® € R™® that
leads to
BB = I,yn [45, p. 106]. (A.8)

A.2 Norms

A real-valued continuous function is denoted by f(-), where f : [a,b] — R™. The real-
valued function f(t) : [0,00) — R", where 0 < a < b < o0, is of particular interest.
A norm is a topological structure with the concept of the length or size of the set.
Depending on the topological structure (metric, norm, or inner product), a metric space,
Banach space, or Hilbert space is defined. A real-valued function ||x|| is a norm on X if

and only if Vx € X. The length function must satisfy the following conditions:

1. The length of an element must always be larger or equal to zero:

x| >0 (positivity). (A.9)

2. The length of an element being zero is equivalent to this being the zero element in

the set. Concerning the first condition, this means that all other elements’ length

97



A. Matrix Mathematics

has to be strictly positive:

x| =0« x=0 (positive definiteness). (A.10)

3. The sum of two elements cannot be larger than the sum of each element’s length:

Ix+yl|l < ||x]|+|lyl]] (triangle inequality). (A.11)

4. Multiplying an element by an arbitrary scalar a € R, then the result equals the

original element’s length scaled by the absolute value of «:

|lox|| = |af||x]] (homogeneity). (A.12)

A.2.1 p-Norms

For the set of all n-dimensional vectors with real-valued components, the lengths of the

vectors may be calculated as

1
I, = (Z ymp> P pell ol (A.13)
i=1

For p = 2, the norm is a Euclidean norm, defined as

Ixlly = /It + ...+ a2 (A.14)
For p = oo, the norm is a maximum norm, defined as

%[loo = max ] (A.15)
1€ }

geery

and it represents the largest absolute value. The Banach space is defined as (Rn, |1l p>.
A property of p-norms is that they are all equivalent. This property is helpful if stability

proof requires the use of different norms.
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A.2.2 [,-Norms

The general £,-norm is defined as

1

b
1€l = ( | e dr> P oo, pefiodl (A.16)
a
Remark: The integral must be finite. For p = 0o, the Lo-norm is defined as

Ifllz,, = sup [f(t)] (A.17)
a<t<b
where the supremum is used because the maximum does not necessarily exist for all sets.

The Banach space is defined as <C[a, bl, ||]I Lp)' Considering time-varying functions,
the Lp-space is defined as (C[O, 00), H-ng).

Further information on matrix mathematics can be found, for example, in Paper [46,
p. 20] or [45].

99



A. Matrix Mathematics

A.3 Transformation from Quaternions to Euler Angles

The inverse tangent of the four-quadrant of y and x is necessary to calculate the angles

¢ and 1. According to [19, p. 33, it is defined as

tan~! (y) when x > 0
7+ tan 1 <y) when y > 0 and x <0
~7 + tan ! () when y < 0 and x <0
atan2(y,x) =

when y >0 and x =0

when y < 0 and x =0

when y =0and x =0

and it satisfies the limitation —m < atan2(x,y) < .
b b b
T Cl,x C2,X C3,X
The rotation matrix R = [cll’ CS cg} = Cll) cg Cg represents the rotation
Y2y T3y

b b b
Cl,z CQ,Z CB,Z

from F, to Fj as calculated in (2.25). From this, the three Euler angles are calculated

as
¢ = atan2 (c%z,cg,z) (A.18)
gl
§ = —sin! (ci’ Z) = tan ! [ —=2—— |, 6 # +90° (A.19)
’ 1- (ciz 2
v = atan2 (cf,f ) 19, p. 33]. (A.20)
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Appendix B

Orbital Mechanics

B.1 Earth and Orbit Model

Table B.1 shows the physical data used for the Earth and orbit modeling.

Inclination
Inclination of Orbit
Sidereal of Equator Semimajor to the Orbit
Radius Rotation to Orbit Axis of Orbit Ecliptic Sidereal
Object (km) Mass (kg) Period Plane Orbit (km) Eccentricity Plane Period
Sun 696,000  1.989 x 10°° 25.38 d 7.25° — — — —
Mercury 2440 330.2 x 107 58.65d 0.01° 57.91 x 10° 0.2056 7.00° 87.97d
Venus 6052 4.869 x 10%* 243 d* 177.4° 108.2 x 10° 0.0067 3.39° 224.7 d
Earth 6378 5974 x 10°* 23.9345 h 23.45° 149.6 x 10° 0.0167 0.00° 365.256 d
(Moon) 1737 73.48 x 10° 27.32d 6.68° 384.4 x 10° 0.0549 5.145° 27.322 d
Mars 3396 641.9 x 10°! 24.62 h 25.19° 227.9 x 10° 0.0935 1.850° 1.881y
Jupiter 71,490 1.899 x 10%7 9.925 h 3.15° 778.6 x 10° 0.0489 1.304° 11.86y
Saturn 60,270 568.5 x 1074 10.66 h 26.73° 1.433 x 10° 0.0565 2.485° 2946y
Uranus 25,560 86.83 x 10%* 17.24 h* 97.77° 2.872 x 10° 0.0457 0T 84.01y
Neptune 24,760 102.4 x 10%* 16.11 h 28.32° 4.495 x 10° 0.0113 1.769 164.8y
(Pluto) 1195 125 x 10 6.387 d* 12257 5.870 x 10° 0.2444 17.16° 247.7y
(Hefrograde

Table B.1. — Astronomical data for the sun, the planets, and the moon

50, p. 721]
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B.2 Reference Frames and Rotation Matrices

B.2.1 Perifocal Frame

For orbit modeling, the perifocal frame, fixed in space and centered at the orbit’s focus,
is introduced [51, p. 108]. The satellite’s orbit position in the perifocal frame is defined
as

rp:( P [cosv sinv 0] (B.1)

1+ecosv)

where v is the true anomaly, an orbital parameter defined in Table B.2, and p is the
semi-latus rectum defined in (B.7). Appendix B.3 specifies the parameters describing

the orbit. The satellite’s orbit velocity in the perifocal frame is defined as
B . T
vy = \/; [-sinv (e+cosv) 0] (B.2)

where p is the standard gravitational parameter of the Earth, given as 3.986 - 1014 m? / s2.

B.2.2 Rotation from Perifocal Frame to Inertial Frame

The rotation matrix R}; is defined as

R, =R, (QR,()R)(w) (B.3)
where
cos{) —sin) 0 1 0 0
R;Z;(Q) = |sinQ  cos) Of:> R;ia(i) =10 cosi —sini|, and
| O 0 1 0 0 1
cosw —sinw 0
R;; (w) = sinw cosw 0 (B.4)
0 0 1

are the single rotation matrices. €2, i, and w are orbital parameters defined in Table B.2.
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B.2.3 Rotation from F; to F,

The rotation from F; to F¢ is represented by the rotation matrix

cosfg sinfqa 0
Ri = |_sin g cosfg O (B.5)
0 0 1

where 0 is the Greenwich Mean Sidereal Time (GSMT), representing the displacement
of Fe relative to ;. The GSMT is defined as g = 0 g + wie(t —tg), where O g is
the GMST at tg, wje is the angular velocity of F, relative to F; about the z-axis, and t
is the sidereal time. wj, is defined in Chapter 2.1.3.

B.3 Orbital Mechanics

For the mathematical modeling, simplifying assumptions have been made. A two-body
problem is assumed, where the mass of satellite my is much smaller than the Earth’s
mass mo. The Earth is assumed to be spherical. Therefore, the nadir vector z, coincides
with the line that specifies the satellite’s local altitude. A near circular orbit is assumed.

The radius to the spacecraft is defined as
r=rgp+he (B.6)

where r; is the Earth’s radius, given as 6371.2 - 103 [m], and h, is the mean altitude
of the spacecraft, defined in Chapter 2.1.5. From this, the semi-major axis a and the

semi-latus rectum p are calculated as

and p=a(l-e?) (B.7)
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The orbital parameters are listed in Table B.2.

orbit parameter definition

right ascension of the ascending node | Q =80 °

inclination i=976°
argument of perigee w=0°
semi-major axis a = 6.9057 - 105 m
true anomaly 0=0°

Table B.2. — Orbit parameters

Applying Newton’s law of universal gravitation gives the gravitational force acting
between the Earth and the rigid body

7
F, = Gmlmgﬁ (B.8)

(I,

Tib
where G is the gravitational constant, given as 6.6741 - 10711 m?’/kgs2 and rgb is the

satellite’s inertial position defined in (2.4). The mass of the HYPSO is given as
m; = 6.8 kg and the mass of the Earth is given as my = 5.9722 - 1024 kg. The Earth’s

gravitational constant p can be calculated as

= G(mj + ma) [51, p. 82]. (B.9)

Newton’s second law is given as F = %mvéb, where v = %r%b. Thus, the satellite’s

orbital motion can be written as

d’ i i rz:b ! t
— — 1 exX
Qi Vb = &b = Mii 3+ Ty (B.10)
(‘ Tib 2)

1

where v, is the satellite’s inertial velocity defined in (2.4) and £,

is a vector representing
the perturbing forces acting on the satellite like the solar radiation pressure force or the
force due to atmospheric drag specified in Chapter 3.3. Thus, the circular orbit angular
velocity wf € R" may be calculated as

wf =0 —wy 0] , where wy = (B.11)

(J=sl.)™

L)
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The angular velocity from F, to F;, expressed in orbit coordinates, can also be written

as . . . .
wo — R X Vi) _ poSrp)vyy (B.12)
(rf) 5, ‘ r;
ib|9
Taking the time derivative of (B.12) gives
o _ S(rpal (rh) Trh — 28(rh)vh (vh) Tryy (B.13)

)

for an elliptical (non-circular) orbit, where the Coriolis effect affects the satellite. For a

7
Ty

perfect circular orbit, w? is equal to zero.
The satellite’s position and velocity in F, may be written as

ro = R{rY, and v, =RV (B.14)

where the rotation matrix R? has been defined in (2.29).

%107

0.5

Z[m]

-0.5

%107

05
Y [m]

i X [m]

Figure B.1. — Orbit Simulation
[47]
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Appendix C

Satellite Projects at NTNU

C.1 Previous Satellites

Until now, the NTNU has launched many satellite projects. Numerous master’s theses
have been written on the various satellite projects at NTNU. In 2002, satellite research
began at NTNU. The name of the NTNU’s first student satellite project was NCUBE,
where the ADCS was equipped passively with a gravity-gradient boom and actively
with magnetic torque coils. In the domain of controller design, this cubesat already
applied an extended Kalman filter (EKF) [52]. Another previous satellite project was
called NUTS, an abbreviation for NTNU Test Satellite, and it was launched in 2016 [53,
p. 1]. The Norwegian Student Satellite Program (ANSAT) launched NUTS as one of
three satellites. Research has been done on estimation methods for satellite attitude
control within the NUTS project, like the quaternion estimator (QUEST) or extended
quaternion estimator (EQUEST), applied to a nonlinear Mahony observer [54].

C.2 HYPSO Mission

The HYPSO uses a network of ground stations supporting its mission operations.
The Mission Control Center at NTNU also operates robotic support systems such as
unmanned aerial vehicles (UAVs), autonomous surface vehicles (ASVs), and autonomous
underwater vehicles (AUVs) [5, p. 4].
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Figure C.1 shows that the attitude maneuver combines target pointing with a slewing
maneuver to produce pixels that overlap [5, p. 1]. HYPSO uses a network of ground

stations supporting its mission operations and communicates with robotic support

systems such as UAVs or ASVs.

A
Wl VRBR
HYPSO-1 Velocity Direction 0’ — >
/ \

\
i —Line-of-Sight \ Uplink
Cr \
Slew Maneuver

@ Sub-satellite Point -
e 7 Ground
e Station #1

2)

4) -2

Onboard 3) a‘\&
; »
Processing _ - -

.
N Downlink e
\1 7 e
Scan Direction
4 B u
. 42= mm USV. P uAV L7
e - v. 1 ' ’,
Ground T =~ _ AUV NN "_l-l" ,/’
Staton#2 0000 TT~~_ - B v 5

Mission Control Center

Figure C.1. - HYPSO mission
[5, p. 4]

The satellite undergoes specific operational mission modes, including detumbling,
stabilization, estimating the state through star-tracking, hyperspectral imaging (HST),
and communicating with the ground station. The concept of operations for the HYPSO
is specified in Table C.1. Under an emergency or anomaly (such as actuator failure or
subsystems exceeding safety thresholds in terms of power), the satellite falls back to

initializing. Then, the requirements are the same as in detumbling mode.
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operational modes description

imaging HSI imaging (nadir), HSI imaging (slew maneuver),
RGB imaging (nadir), RGB imaging (slew maneuver),
combination of HSI and RGB imaging

onboard processing e.g. compression of HSI frames in software and hard-
ware, debug of HSI camera and / or RGB camera

file transfer HSI images and RGB images are buffered from OPU
to PC

uplink files are uploaded through UHF and S-band

downlink processing files are downloaded via UHF and S-band

safe mode ensures that subsystems do not consume excessive

power and functionalities are limited, electric power
system (EPS) is triggered to safe mode

critical mode EPS is triggered to critical mode

hardware critical mode | EPS is triggered to hardware critical mode, ADCS
performs detumbling

launch and early orbit | stabilizing satellite’s angular rate after orbital inser-
phase tion which is known as detumbling, ADCS performs
detumbling using MTQs, EPS and flight computer are
the only subsystems turned on

Table C.1. — Mission operational modes
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Appendix D

Implementation Details

This Appendix presents details on the implementation and the structure of the storage

medium that is attached to this master’s thesis.

D.1 Quadratic Programming Control Allocation Toolbox
As explained in Chapter 5.2.1, [49] is a part of the implementation. The m-functions
for quadratic programming based CA are listed below:

e sls_alloc: active set, sequential least squares CA

e sls_alloc: active set, weighted least squares CA

e mls_alloc: active set, minimal least squares CA

e ip_alloc: interior-point CA

e cgi_alloc: cascaded generalized inverses CA

e fxp_alloc: fixed-point CA
The m-functions for constrained CA are listed below:

e vview: view visible virtual control set

e vview_demo: demo of vview
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For direct and dynamic CA, the m-functions dir_alloc and dca are available in the

toolbox. Other scripts provided by the toolbox are listed below:
e iscoplanar: test for coplanar controls

e wpinv: calculate weighted pseudoinverse

D.2 Implementation of all Attitude Cases
For each attitude case, there exist different folders (Pointing 1 to Pointing 13 and
Slewing 1 to Slewing 13). Each folder has the same contents:

e subfolder Figures: figures of the original spacecraft model

o subfolder Figures CGI: figures of CA applied to the spacecraft model

o m-file main: case-specific settings, general model settings, and CA settings

The simulation settings are saved as data files.

e data file Pointing_Data and Slewing_Data: simulation data of original spacecraft

model
« m-file Plots: generate plots based on simulation data

e data file Pointing_CGI_Data and Slewing_CGI_Data: simulation data of CA
applied to the spacecraft model

e Plots_CGI: generate plots based on CA simulation data
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Appendix E

Simulation Results for Cases With Full
Controllability

This Appendix presents complementary simulation results for the attitude tracking

cases with full controllability.

E.1 Comparison for the Second Pointing Case

The following plots are complementary to the results in Chapter 6.1.1.
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Figure E.1. — PD controller torque without / with CGI CA
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E.2 Comparison for the Second Slewing Case

The following plots are complementary to the results in Chapter 6.1.2.
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E.3 Comparison for the Ninth Pointing Case

The following plots are complementary to the results in Chapter 6.1.3.
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E. Simulation Results for Cases With Full Controllability

E.4 Comparison for the Ninth Slewing Case

The following plots are complementary to the results in Chapter 6.1.4.
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Appendix F

Simulation Results for Cases Without Full
Controllability

This Appendix presents complementary simulation results for the attitude cases without

full controllability.

F.1 Comparison for the Twelfth Pointing Case

The following plots are complementary to the results in Chapter 6.2.1.
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F. Simulation Results for Cases Without Full Controllability

F.2 Comparison for the Twelfth Slewing Case

The following plots are complementary to the results in Chapter 6.2.2.
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F. Simulation Results for Cases Without Full Controllability

F.3 Comparison for the Thirteenth Pointing Case

The following plots are complementary to the results in Chapter 6.2.3.
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F. Simulation Results for Cases Without Full Controllability
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F. Simulation Results for Cases Without Full Controllability

F.4 Comparison for the Thirteenth Slewing Case

The following plots are complementary to the results in Chapter 6.2.4.
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