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Abstra
tUnmanned aerial vehi
les (UAVs) are very interesting for military, industry, ands
ienti�
 purposes. A group of UAVs 
ould in
reases the possibilities of a singleoperating UAV on
e more. This thesis presents a solution for 
ollision free for-mation �ight of UAVs. For simulation and evaluation purposes, a simpli�ed anda 
omplete model of a real, small-s
ale heli
opter are presented. The 
ompletemodel is 
ontrolled by a nonlinear SDRE 
ontroller together with a nonlinear
ompensator, while the simpli�ed model is 
ontrolled by several 
ontrollers, in-
luding nested saturation, feed forward, and feedba
k 
ontrol. The formation�ight solution is developed vehi
le independently and is implemented and veri-�ed, together with the heli
opters, in MATLABTM/SimulinkTM. The formation�ight solution is based on a lo
al potential �eld 
ombined with a virtual leaderapproa
h. As ne
essary for a heli
opter, the potential �eld approa
h is realizedin 3D in
luding obsta
le and 
ollision avoidan
e.Keywords: UAV, heli
opter, nonlinear 
ontrol, model, formation �ight, poten-tial �eld, virtual leader
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Chapter 1Introdu
tionThe purpose of this thesis is to present a model and 
ontrol s
heme for formation�ying unmanned aerial vehi
les (UAV). The used air
raft is based on a modi�edX-Cell 60 hobby heli
opter used for �ight a
robati
 tests at the Massa
husettsInstitute of Te
hnology, Cambrige, USA. The formation �ight solution is devel-oped independently of the UAV. The heli
opters model and a nonlinear 
ontrolapproa
h for this model, based on solving the state-dependent Ri

ati equation,was implemented in MATLABTM/SimulinkTM. The formation �ight solution isbased on a lo
al potential �led 
ombined with a virtual leader. For verifyingthe formation �ight solution, a simpli�ed model and 
ontroller of the X-Cellheli
opter was implemented. For an overview of this topi
, an literature reviewis performed in the end of this 
hapter. The �nal part is the publi
ation of theresults obtained in this thesis in Paul et al. [2007℄.1.1 UAVsUnmanned Aerial Vehi
les are used sin
e the early beginning of �ight, almost ex-
lusive by military (Munn [1849℄, Sarris [2001℄, Sullivan [2006℄). The term UAVin
ludes a wide range of ma
hines. This range straps from unmanned weatherballoons to laser guided bombs and full autonomous operating �ying robots.Be
ause of that, a lot of di�erent names are used in literature, by 
ompanies,and governments. Nevertheless, �ying ma
hines had and will have an impor-tant roll in �ight as shown by Sarris [2001℄. The in
rease of 
omputer powermakes UAVs reliable and su�
ient. They are able to navigate exa
tly even inworth sight 
onditions and 
an perform long enduran
e missions. Contrary ofon-board human pilots, UAVs 
an be used for missions with long 
on
entrationspans. They 
an be build in small size, light wight and operating autonomously.They 
an also be repla
ed at low 
ost. These quality makes UAVs very inter-esting for industry, military, and the s
ienti�
 
ommunity. A lot of resear
hon unmanned vehi
les has been done during the last years but just a few full1



1.1 UAVs 2fun
tioning UAV vehi
les have been build. This is be
ause of high prototyping
ost and the need of interdis
iplinary knowledge. Beside this, building a UAVfrom s
rat
h takes a long time of resear
h and development. Therefore, it isadvisable not to start from s
rat
h but use existing modules or platforms andfo
us on the individual strengths.1.1.1 Appli
ationsImagining a small and 
heap UAV, with the ability to be equipped with di�erentsensors, a lot of appli
ations are thinkable. The following operations 
ould beperformed with UAVs:
• Full autonomous building (e.g., power line) inspe
tion.
• Sear
h and res
ue missions using video and infra red sensors. This enablesthe vehi
le to sear
h and lo
alize humans in water, on land, and eventhrough dust.
• Re
onnaissan
e of disaster areas. UAVs are used for fast mapping of hotspots during forest �res as shown by Restas [2006℄.
• Fishing surveillan
e using e
ho-sounding equipment,
• tra�
 monitoring, or
• 
ommuni
ation relay missions are also possible.
• Agri
ultural and 
orp (
o�ee, et
.) monitoring has already be done. Re-sear
h results are presented by Herwitz et al. [2003℄.The wide �eld of military appli
ations is easy to imagine. A main argumentfor the use of UAVs in 
ombat, whi
h are than 
alled unmanned 
ombat aerialvehi
les (UCAV), is to preserve pilots from high risk or long enduran
e missions.Appli
ations are
• Surveillan
e and re
onnaissan
e,
• radio jamming,
• nu
lear, biologi
al, and 
hemi
al warfare dete
tion,
• mine dete
tion,
• artillery a
quisition, and
• target simulation.



1.2 Literature review 3Even atta
k missions are thinkable. UAVs 
ould be the �rst full autonomousrobots in war and this view in the future is raising questions a

ording to moral-ity as suggested by Dawkins [2005℄ and Gulam and Lee [2006℄.UAVs used today are usually 
ontrolled by ground personal. Han et al. [2004℄analyze the 
ir
umstan
es to operate a UAV 
argo system under e
onomi
 as-pe
ts and due to se
urity issues; they also re
ommend a ground operator.1.1.2 S
ienti�
 
hallengeA lot of resear
h has been and is still done on UAVs. The resear
h 
ombines all
hallenges from air
raft and robot development. The resear
h �led 
on
erningUAVs in
ludes, among others,
• me
hani
al development of an air
raft in
luding verti
al take o� and land-ing abilities,
• development of a 
ontrol strategy for the air
raft, valid in all �ight situ-ations in
luding take o� and landing, the 
ontrol needs to be robust dueto the fa
t that un
ertainties e�e
t the �ight of the UAV (e.g., wind),
• path planning and formation �ight in
luding 
ollision and obsta
le avoid-an
e,
• de
ision making algorithms,
• image pro
essing,
• 
ommuni
ation strategies, and
• navigation strategies.The list 
an easily be expanded due to the additional requirements of individualmissions (e.g., requirements on sensors).1.2 Literature reviewA lot of work has been done in modeling and 
ontrol of UAVs and even information �ight. This se
tion provides a literature review over the thesis relatedtopi
s.1.2.1 UAV modeling and 
ontrolBogdanov et al. [2004℄ present a nonlinear state dependent Ri

ati equation
ontrol s
heme together with an nonlinear 
ompensator for small s
ale heli-
opters. The 
ompensator shall 
over these parts of the model whi
h 
ould not



1.2 Literature review 4be represented in the state dependent 
oe�
ient (SDC) form. The 
ontrollerwas veri�ed by the OGI S
hool of S
ien
e and Engineering with a R-MAX anda X-Cell model heli
opter during �ight tests.Gavrilets [2003℄ and Gavrilets et al. [2001℄ present a 
omplex and su�
ientnonlinear model of a small-s
ale heli
opter. Using this model, he was ableto develop a linear 
ontroller, based on a linearized model. He also in
luded a
ontroller to perform spe
i�
 a
robati
 maneuvers, orientated on the behavior ofa real pilot whi
h was veri�ed during �ight tests at the Massa
husetts Instituteof Te
hnology. All ne
essary parameters are given.Vélez and Agudelo [2006℄ present the use of a rapid prototyping softwareenvironment, 
alled Colibri, for automati
 
ontrol and parameter estimation ofa small-s
ale heli
opter. The heli
opter model is based on the model presentedby Gavrilets et al. [2001℄.He�ey and Mni
h [1988℄ present one of the �rst 
omplete heli
opter modelsfor simulation purposes.Isidori et al. [2001℄ present a nonlinear solution for robust 
ontrol of a sim-pli�ed heli
opter model using quaternions.Johnson and Kannan [2002℄ present a 
ontroller for an aerospa
e systembased on neuronal networks. This approa
h was su

essfully tested by theGeorgia Institute of Te
hnology on a R-MAX model heli
opter.Kondak et al. [2004℄ presents the model of a LOGO-10 model heli
opter. Arobust 
as
ade 
ontroller, based on a simpli�ed model, is derived and veri�edduring simulations.Mar
oni and Naldi [2006℄ present a robust 
ontroller based on simpli�
ationsof the model presented by Gavrilets [2003℄. The 
ontroller is a 
as
ade 
ontrollerin
luding nested saturation 
ontrol. All parameters of the simpli�ed model andthe 
ontroller are given.Mettler et al. [2000℄ des
ribes the system identi�
ation of a R-50 model he-li
opter. Models for hover and forward �ight are presented.Munziger [1998℄ explains heli
opter basi
s and derives a 
omplete modelfor a R-50 model heli
opter. A 
ontroller, based on neuronal networks, is alsopresented s
hemati
.Pad�eld [1996℄ provides 
omplete and very detailed instru
tions do derive aheli
opter model for simulation purposes. Most on the presented papers refer-en
e to this book.Prouty and Jr. [2003℄ provides an overview about 
lassi
 heli
opter 
ontrolsolutions.Årdal [2002℄ explains heli
opter basi
s in detail and derives a model for asmall s
ale heli
opter. Several 
ontrol approa
hes for autonomous landing on aship are presented.



1.3 Thesis outline 51.2.2 Formation �yingBorrelli et al. [2006℄ present solutions for UAV traje
tory planning, 
onvertingthe problem to a non linear program (NLP) and a mixed integer linear program(MILP).Chen and Wang [2005℄ present an overview about 
urrent formation �ightstrategies and 
ontrol issues.Galzi and Shtessel [2006℄ present a 
ontinuous, robust and 
ollision freeleader-follower formation 
ontroller based on high order sliding modes. Thevehi
les must be full feedba
k linearizable.Kaminer et al. [2004℄ presents a solution to laun
h and re
over a swarm of�xed wing UAVs from a ship.Potential �eld approa
hThe di�erent potential �eld approa
hes are 
onstru
ted similar. Usually, they
al
ulate a potential �eld or fun
tion for ea
h vehi
le in the formation dependingon the vehi
le's distan
e to its desired pla
e. Collision and obsta
le avoidan
eis realized by adding a spe
ial term depending on the vehi
les' distan
es amongea
h other or to the obsta
le.Do [2006℄ presents a method to develop a formation 
ontroller based on lo
alpotential fun
tions. The 
ontroller generates the desired velo
ities to mat
h agiven formation. It is a 2-dimensional approa
h developed for simple marine ve-hi
les. In this approa
h o

ur no lo
al minimum in the potential �eld. Obsta
leavoidan
e is not in
luded.Elkaim and Kelbley [2006℄ presents an easy way to 
al
ulate a lo
al twodimensional potential �eld 
ombined with a virtual leader approa
h. The outputis a pseudo for
e whi
h should dire
t the single vehi
les to its desired positions.Collision avoidan
e is realized by limiting the maximum for
e depending on thevehi
le's properties.1.3 Thesis outlineChapter 2 Introdu
tion to 6 degrees-of-freedom motion; mathemati
alnotations; equations of motion and kinemati
sChapter 3 Introdu
tion to heli
opter basi
s. Rigid body dynami
s andthe equations of the for
es and moments generated by the a
tuators and passiveparts of a small s
ale heli
opter are presented. Finally, the model is veri�edthough simulations.Chapter 4 A nonlinear 
ontrol approa
h for the model presented in 
hap-ter 2 is derived.



1.3 Thesis outline 6Chapter 5 A simpli�ed model and nonlinear 
ontroller is presented to-gether with 
orresponding simulation results.Chapter 6 The three dimensional formation strategy is derived. Obsta
leand 
ollision avoidan
e is developed and veri�ed through simulation resultsusing groups of point masses and groups of simpli�ed heli
opters.



Chapter 26 DOF equations of motionThe vehi
les used in this thesis are rigid bodies with six degrees-of-freedom(DOF). In Fossen [2002℄, the equations of motion of marine vehi
les in 6 DOFare developed. These are very similar to these of aerial vehi
les. Therefore, theequations are easy to adapt.2.1 Referen
e famesTo des
ribe the motion of a vehi
le, it is ne
essary to de�ne a referen
e frame.Several frames are used thoughout this work, depending on the problem athand. A 
ommon frame, used for all problems, is the body frame with the body�xed axes xb, yb and, zb. The origin of the body �xed frame is the heli
opters
enter of gravity. The x-axis points from the ba
k through the nose, the z-axisfrom up to down and the y-axis 
ompletes the right-hand 
oordination system.This frame is used for the 
al
ulation of the for
es produ
ed by the heli
opter.Be
ause of the relative low speed and �ight level of the model heli
opter, a�at earth assumption is made. For navigation, the North-East-Down (NED)referen
e frame is used. Here the x-axis points north, the y-axis east, and thez-axis downwards normal to the �at earth surfa
e.The interested reader is referred to Fossen [2002℄ for a more detailed explanationof the di�erent referen
e frames.2.2 De�nitionsThe de�nitions of ve
tors and rotation matri
es is taken from Fossen [2002℄.This is also the most 
ommon way used in the international literature.
7



2.2 De�nitions 82.2.1 Cross produ
t operatorThe ve
tor 
ross produ
t is de�ned by Fossen [2002℄ as
λ × a := S(λ)a, (2.1)where λ, a ∈ R

3 and S(·) is de�ned as
S(λ) = −S(λ)T =





0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0



 . (2.2)2.2.2 Ve
tor normThe ve
tor 2-norm || · ||2 of a ve
tor x ∈ R
n is de�ned as

||x||2 :=
√

x2
1 + x2

2 + · · ·+ x2
n. (2.3)In the rest of this work, if not spe
i�ed, the expression || · || refers to the 2-norm.2.2.3 Ve
tor de�nitionsIn general, νno represents the linear velo
ity of point O de
omposed in frame n.

ωn
eb represents the angular velo
ity of frame b with respe
t to frame e de
om-posed in frame n.

pn =





x
y
z



 (NED position) (2.4)
vbo =





u
v
w



 (Body �xed velo
ity) (2.5)
ωb
nb =





p
q
r



 (Body �xed angular velo
ity) (2.6)
Θ =





φ
θ
ψ



 (Attitude, Euler angles) (2.7)
fn
o =





X
Y
Z



 (Body �xed for
es) (2.8)
mb

o =





L
M
N



 (Body �xed moments) (2.9)



2.3 Kinemati
s 9The motion of a 6 DOF vehi
le 
an be des
ribed by the following ve
tors:
η =

[

pn

Θ

]

, ν =

[

vbo
ωb
nb

] , and τ =

[

f b
o

mb
o

]

. (2.10)Rotation matri
esRotation matri
es are used to transform ve
tors between several frames. Thisleads to a rotation of the axes around the origin. Su
h a rotation is by (Fossen[2002℄)
νto = Rto

fromνfrom. (2.11)2.3 Kinemati
sThe translational and rotational kinemati
s are presented in this se
tion.2.3.1 Translational kinemati
sWith equation (2.11), the relationship between body and NED velo
ity 
an bedes
ribed through the following equation:
ṗn = Rn

b (Θ)vbo (2.12)with
Rn
b (Θ) =





cψcθ −sψcφ + cψsθsφ sψsφ+ cψcφsθ
sψcθ cψcφ+ sφsθsψ −cψsφ+ sθsψcφ
−sθ cθsφ cθcφ



 , (2.13)and s· ≡ sin(·) and c· ≡ cos(·). The transformation from NED- to body-frame
Rb
n(Θ) 
an be re
eived by transposing Rn

b (Θ) (Fossen [2002℄):
Rb
n(Θ) = Rn

b (Θ)−1 = Rn
b (Θ)T . (2.14)2.3.2 Rotational kinemati
sA similar expression to equation (2.12) 
an be derived for the rotational kine-mati
s (Fossen [2002℄):

Θ̇ = TΘ(Θ)ωb
nb or ωb

nb = T−1
Θ (Θ)Θ̇ , (2.15)where

TΘ(Θ) =





1 sφtθ cφtθ
0 cφ −sφ
0 sφ/cθ cφ/cθ



 , (2.16)
T−1

Θ (Θ) =





1 0 −sθ
0 cφ cθsφ
0 −sφ cφcθ



 , (2.17)



2.3 Kinemati
s 10and s· ≡ sin(·), c· ≡ cos(·), and t· ≡ tan(·). With equation (2.13) and (2.16),the 6 DOF kinemati
 equation is given by
η̇ = J(η)ν =

[

Rn
b (Θ) 03×3,
03×3 TΘ(Θ)

]

ν. (2.18)The attitude representation with Euler angles is intuitive but 
an 
ause singu-larities, 
ompare equation (2.16). An other way of des
ribing the attitude is touse quaternions, also 
alled Euler parameters.QuaternionsA quaternion q is de�ned by Fossen [2002, page 29℄ as follows:
q =

[

η
ǫ

] with ǫ =





ǫ1
ǫ2
ǫ3



 , (2.19)
qTq = 1. (2.20)

q is de�ned as a 
omplex number where η represents the real part and ǫ threeimaginary parts. η and ǫ are de�ned as (Fossen [2002℄):
η = cos(β/2), (2.21)
ǫ = λ sin(β/2) with λ = ± ǫ√

ǫTǫ
. (2.22)It is possible to 
al
ulate the quaternion representation from Euler angles andvi
e versa as shown by Fossen [2002℄. Using quaternions, the matri
es formse
tion 2.3.1 and 2.3.2 
hange to

ṗn = Rn
b (q)vbo and (2.23)

q̇ = Tq(q)ωb
nb (2.24)with

Rn
b (q) =





1 − 2(ǫ22 + ǫ23) 2(ǫ1ǫ2 − ǫ3η) 2(ǫ1ǫ3 + ǫ2η)
2(ǫ1ǫ2 + ǫ3η) 1 − 2(ǫ21 + ǫ23) 2(ǫ2ǫ3 − ǫ1η)
2(ǫ1ǫ3 − ǫ2η) 2(ǫ2ǫ3 + ǫ1η) 1 − 2(ǫ21 + ǫ22)



 (2.25)and
Tq(q) =

1

2









−ǫ1 −ǫ2 −ǫ3
η −ǫ3 ǫ2
ǫ3 η −ǫ1
−ǫ2 ǫ1 η









. (2.26)Equation (2.14) remains valid. With this, the kinemati
 equation (2.18) 
hangesto
[

ṗn

q̇

]

= J(η)ν =

[

Rn
b (q) 03×3

04×3 Tq(q)

]

ν. (2.27)The quaternion representation is used for the simulations.



Chapter 3UAV equations of motionThe �ight of a heli
opter is 
omparable to the �ight of a �xed-wing air
raft.The engines of a plane are produ
ing thrust and a

eleration. The air �ows overthe wings and produ
es lift regarding the �aps setting. Heli
opters are 
lassi-�ed as rotary-wing air
rafts. Here, the air �ows over the wings, 
alled blades,be
ause the blades are moving and not the whole air
raft. The main and tailrotor are 
oupled and should turn with a 
onstant speed. To 
ontrol the liftand �ight dire
tion, it is possible to rotate the blades. One gets a similar e�e
t,using the �aps and ailerons by a �xed-wing air
raft. It is possible to rotate allblades at the same time (
olle
tive setting) or indu
e an angle depending onthe position on the blade. Doing this, the blade angle performs a sinusoidalmovement (
y
li
 setting) during one round. The 
olle
tive setting is used to
ontrol the altitude while the 
y
li
 setting 
ontrols the attitude and so the�ight in a spe
i�
 dire
tion.Heli
opters have a very wide �eld of a
tion. They are able to perform verti
altake-o�s and landings, they 
an hover, perform low level �ight, and fast forward�ight. Even a
robati
s are possible with heli
opters. With these abilities theyare able to start and return, for example, to a ship. They 
an also operatein urban areas. The mathemati
al model is high nonlinear and the equationsof motion are all, more or less, 
oupled. It is di�
ult to derive a 
losed de-s
ription be
ause of the di�erent �y modes. Nevertheless, with Pad�eld [1996℄and He�ey and Mni
h [1988℄ one 
an �nd at least two standard models for fulls
ale heli
opters. For the usage of heli
opters as UAVs, espe
ially small s
aleheli
opter are interesting. The have a very high thrust to weight ratio and 
anperform extreme maneuvers. For example, usually they are able to perform allmovements upside down (Mar
oni and Naldi [2006℄). Furthermore, a s
enariois thinkable where a small s
ale heli
opter UAV is used inside a building. Smalls
ale heli
opter models have been presented by Munziger [1998℄, Årdal [2002℄,Aurstad [2002℄, Gavrilets et al. [2001℄, resp. Gavrilets [2003℄, who derived a
omplete and very detailed model of a modi�ed X-Cell 60 hobby heli
opter.11



3.1 Heli
opter basi
s 123.1 Heli
opter basi
sDue to the fa
t that detailed air
raft models are well treasured se
rets, only afew 
omplete models 
an be found in the literature. Gavrilets [2003℄ presentsa very detailed model of a modi�ed X-Cell 60 hobby heli
opter used for �ighta
robati
 tests at the Massa
husetts Institute of Te
hnology, Cambrige, USA.He also provides all ne
essary data to the model. Be
ause of that, his model was
hosen for this thesis. In 
ommon, heli
opters 
onsists of four main 
omponents(He�ey and Mni
h [1988℄) responsible for the �ight 
hara
teristi
s. These are:1. main rotor (mr),2. tail rotor (tr),3. fuselage (fus), and4. verti
al �n (vf).They may be seen in �gure 3.1.
PSfrag repla
ements main rotor


entre of gravityfuselage horizontal tail/stabilizertail rotorverti
al �n
Figure 3.1: Heli
opter 
omponentsThe 
ontrol inputs of the presented model are equal to those a pilot 
ontrols.The 
ontrol inputs and states of the model are given in equation (3.1) and (3.2)(Vélez and Agudelo [2006℄):

u =
[

δcol δlon δlat δr δt
]T and (3.1)

x =
[

u v w p q r φ θ ψ x y z a1 b1 Ω
]T

=
[

(vbo)
T (ωn

nb)
T

Θ
T (pn)T a1 b1 Ω

]T
. (3.2)As explained in 
hapter 3, δcol is the 
olle
tive 
ontrol input for the 
olle
tivepit
h of the main rotor blades given in rad as all angular in the thesis. δlon and

δlat are the 
y
li
 
ontrol inputs giving the expli
it pit
h in longitudinal (u, x)and lateral (v, y) dire
tion. δr is the 
olle
tive pit
h for the tail rotor, where no



3.2 Rigid body dynami
s 13
y
li
 pit
h is ne
essary. Finally δt is the engine 
ontrol input to keep the rotorspeed 
onstant and varies between 0 and 1.Three parameters of the state ve
tor are not mentioned yet: a1, b1 and Ω. Thedenotation of a1 and b1 
an be seen in �gure 3.2, while Ω represents the rotorspeed. All parameters will be explained in the following se
tions.3.2 Rigid body dynami
sThe equations of motion will be presented following Fossen [2002℄. He representsthe rigid body dynami
s as an ve
torial string:
MRBν̇ + CRB(ν)ν = τ . (3.3)Here, MRB is the system inertia matrix, CRB(ν) the 
oriolis-
entripetal matrix,and τ a ve
tor of for
es and moments 
aused by aerodynami
s, gravity, andengines.

MRB is taken from Fossen [2002℄ and has a very simple form be
ause the 
ross-axis moments of inertia 
an be negle
ted due to the fa
t that the origin of thebody frame is pla
ed in the heli
opter's 
enter of gravity. Doing so, MRB isgiven by:
MRB =

[

mI3×3 03×3

03×3 I0

] (3.4)
=

















m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Ixx 0 0
0 0 0 0 Iyy 0
0 0 0 0 0 Izz

















. (3.5)
CRB 
an be realized in di�erent ways. In Fossen [2002℄, Kir
ho�'s equationsare used to derive an expli
it expression.While

MRB = MT
RB =

[

M11 03×3

03×3 M22

] (3.6)is valid, CRB 
an be build up from the elements of MRB:
CRB(ν) =

[

03×3 −S(M11ν1)
−S(M11ν1) −S(M22ν2)

] (3.7)
=

















0 0 0 0 mw −mv
0 0 0 −mw 0 mu
0 0 0 mv −mu 0
0 mw −mv 0 Izzr −Iyyq

−mw 0 mu −Izzr 0 Ixxp
mv −mu 0 Iyyq −Ixxp 0

















(3.8)



3.3 For
es and moments 143.3 For
es and momentsFrom the for
es a
ting on the rigid body, one 
an separate the for
es 
aused bygravity:
τ =

[

f b
o

mb
o

]

= T (x,u) + g(η). (3.9)This is done for the needs of the 
ontroller presented in 
hapter 4. g(η) rep-resents the for
es 
aused by gravity and T (x,u) the remaining for
es 
ausedby drag and rotor. Gavrilets [2003℄ modeled 17 for
es and moments. These are
aused by the di�erent 
omponents of the small s
ale heli
opter:
T =

















Xmr +Xfus

Ymr + Yfus + Ytr + Yvf
Zmr + Zfus + Zht
Lmr + Lvf + Ltr
Mmr +Mht

−Qe +Nvf +Ntr

















. (3.10)Here, the for
es and moments a
ting on the heli
opters 
enter of gravity areorganized by 
omponents: (·)mr for main rotor, (·)tr for tail rotor, (·)fus forfuselage, and (·)vf for verti
al �n. Ea
h of these 
omponents and resultingin�uen
es will be des
ribed brie�y below. Figure 3.2 visualizes the for
es.PSfrag repla
ements
b1

a1

Tmr

xb, u, φ, p

yb, v, θ, q

mg

zb, w, ψ, r

Fht

Ftr

Ffus

Fvf
Qmr

Figure 3.2: Moments and for
es a
ting on the heli
opter.3.3.1 GravityThe for
e 
aused by gravity expressed in the NED frame is:
fn
g =





0
0

mg



 . (3.11)



3.3 For
es and moments 15Transforming this ve
tor to the body frame yields to
f b
g = Rn

b (Θ)−1fn
g . (3.12)Finally, g(η) is expressed by

g(η) =









f b
g

0
0
0









. (3.13)With this last equation, the equations of motion in the body frame given byequation (3.3) are written expli
itly as:
mu̇− mvr + mwq = Xmr +Xfus − mg sin θ (3.14)
mv̇ − mwp+ mur = Ymr + Yfus + Ytr + Yvf + mg sin φ cos θ (3.15)
mẇ − muq + mvp = Zmr + Zfus + Zht + mg cosφ cos θ (3.16)

Ixxṗ+ (Izz − Iyy) qr = Lmr + Lvf + Ltr (3.17)
Iyyq̇ + (Ixx − Izz) pr = Mmr +Mht (3.18)
Izzṙ + (Iyy − Ixx) pq = −Qe +Nvf +Ntr. (3.19)3.3.2 Main rotorThe main rotor is the primary 
omponent of a heli
opter. It 
reates the verti
althrust ve
tor. By rotating the blades, the heli
opter is able to move in everydire
tion without rotating the fuselage. The blades are 
omparable to the wingsof an �xed wing air
raft. While rotating, they produ
e an as
ending for
e, thethrust T , depending on the angle of atta
k. One may 
hange the angle ofatta
k by rotating the blades. This is possible in two ways: Either by rotatingall blades at the same time, what results in a greater (or less) lift, or by rotatingthe blades 
y
li
. Doing so, the blades perform a sine-�gure during one rotation.This leads to di�erent lifts on opposite sides of the rotor. The thrust ve
torpit
h and the heli
opter moves in this dire
tion. The used main rotor runs with1600 rpm whi
h is 
ontrolled by a governor. The tail rotor is 
oupled with themain rotor though a gear whi
h is modeled as a simple transition ratio.Main rotor for
es and momentsThe main rotor for
es from equation (3.10) will be des
ribed in the following.The main rotor is produ
ing thrust and depending on the 
y
li
 blade settings(
p. �gure 3.2). Be
ause of this, the thrust ve
tor has di�erent values in u, vand w dire
tion:
Xmr = −Tmra1, (3.20)
Ymr = Tmrb1 and (3.21)
Zmr = −Tmr. (3.22)



3.3 For
es and moments 16
Tmr is the main rotor thrust and will be presented in se
tion 3.3.3. The angles
a1 and b1 are based on the blade �apping dynami
s des
ribed in equation (3.26)-(3.27) and may be seen in �gure 3.2. Be
ause of small blade �apping angles(below 10◦), it is possible to use linear approximations (Gavrilets [2003℄):

sinφ ≈ φ and cosφ ≈ 1. (3.23)The total main rotor rolling moment Lmr and the pit
hing moment Mmr are
aused by the distan
e between the position of the main rotor and the 
enterof gravity and are registered to (Gavrilets [2003℄)
Lmr = (Kβ + Tmrhmr) b1 and (3.24)
Mmr = (Kβ + Tmrhmr) a1. (3.25)Here, Kβ is a 
onstant sti�ness 
oe�
ient of a torsional spring approximatingthe restrained in the blade atta
hment to the rotor head, twisted by a1 resp.

b1. hmr stands for the distan
e between hub height and the 
enter of gravity.The 
onstants 
an be found in table A.1. The parameters a1 and b1 are 
omingfrom the main rotor �apping dynami
s.Blade �apping dynami
sA

ording to Gavrilets [2003℄, a lot of work has been done on modeling a smalls
ale rotor-
raft with Bell-Hiller stabilizer bars. Taking this work into a

ount,the blade �apping dynami
s 
an be represented by the blade tip-path plane lat-eral (b1) and longitudinal (a1) �apping dynami
s presented by Gavrilets [2003℄:
ḃ1 = −p− b1

τe
− 1

τe

∂b1
∂µv

va
ΩR

+
Bδlat

τe
δlat and (3.26)

ȧ1 = −q − a1

τe
− 1

τe

(

∂a1

∂µ

ua
ΩR

+
∂a1

∂µz

wa
ΩR

)

+
Aδlon

τe
δlon. (3.27)The (·)a 
omponents in the equations (3.26) and (3.27) are wind dependent
omponents along the 
orresponding axes:

xa = x− xw. (3.28)Here, x represents a body velo
ity (u, v, or w) and xw the wind 
omponentalong the 
orresponding axis. In the following, (·)a will be used to represent thedi�eren
e between body velo
ities and wind.
Bδlat

and Aδlon
represent the rotor speed dependent 
y
li
 
ontrol input to �apgain and 
an be 
al
ulated via equations (3.29) and (3.30):

Bδlat
= Bnom

δlat

(

Ω

Ωnom

)2 and (3.29)
Aδlon

= Anom
δlon

(

Ω

Ωnom

)2

. (3.30)
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Ω is the 
urrent motor speed, 
ompare equation (3.50). τe, Ωnom, Bnom

δlat
, and

Anom
δlon


an be found in table A.1. The derivatives in equations (3.26) and (3.27)
an be expressed through the following set of equations:
∂a1

∂µ
= 2Kµ

(

4δcol
3

− λ0

)

, (3.31)
∂b1
∂µv

= −∂a1

∂µ
, and (3.32)

∂a1

∂µz
= Kµ

16µ2

(1 − µ2/2)(8|µ|+ aσ)
sign(µ) ≈ Kµ

16µ2

8|µ| + aσ
sign(µ). (3.33)

Kµ 
an be found in table A.1. δlat, δlon, and δcol are 
ontrol inputs for lateral,longitudinal or 
olle
tive blade pit
h. The 
al
ulation of λ0 is explained inequation (3.39)-(3.42) while µ is 
al
ulated in equation (3.44).3.3.3 ThrustThe basi
 for
e generated by an engine is the thrust T . It is assumed thatthe rotor in�ow is steady and uniform. Gavrilets [2003℄ shows that the 
y
li

ontrol authority is dominated by the hub torsional sti�ness what makes themodeling of the rotor in�ow less 
riti
al. Furthermore the in�ow is treated tobe steady and uniform. Be
ause of this, the indu
ed velo
ity Vimr is set to be
onstant:
Vimr =

√

Tmr
2ρΩnomRmr

. (3.34)With Tmr = mg and assuming 
onstant air density with ρ = 1.2kg/m3, Vimris set to 4.2 m/s. In general, the thrust T 
an be 
al
ulated via the thrust
oe�
ient CT :
T = CTρ(ΩR)2πR2. (3.35)The dynami
s for Ω are des
ribed in equation (3.50) and R represents the rotorradius. The values for main and tail rotor 
an be found in table A.1. The thrust
oe�
ient CT is depending on the in�ow ratio λ0 and the 
ommanded 
olle
tiveblade angle θ0 whi
h is δcol for the main and δr for the tail rotor:
Cideal
T =

aσ

2

(

θ0

(

1

3
+
µ2

2

)

+
µz − λ0

2

)

. (3.36)Unfortunately the in�ow ratio is depending on the thrust 
oe�
ient:
λ0 =

CT

2ηw

√

µ2 + (λ0 − µz)2
. (3.37)



3.3 For
es and moments 18Therefore, this set of equations needs to be solved iteratively (Gavrilets [2003℄,Pad�eld [1996℄). To ensure that the thrust holds the engines limitations, equa-tion (3.38) is applied on the thrust 
oe�
ient:
CT =







CTmax if Cideal
T < −CTmax

CTmax if Cideal
T > CTmax

Cideal
T otherwise with (3.38)

CTmax =
Tmax

ρ(ΩR)2πR2
.The following iteration s
heme needs to be applied to 
al
ulate λ0 and CT(Gavrilets [2003℄, Pad�eld [1996℄):

λ0j+1
= λ0j

+ fjhj(λ0j
), (3.39)

hj = −
(

g0

dg0/dλ0

)

λ0=λ0j

, (3.40)
g0 = λ0 −

Cideal
T

2ηwΛ1/2
, and (3.41)

Λ = µ2 + (λ0 − µz)
2. (3.42)With this, an expli
it expression for hj 
an be seen in equation (3.43):

hj = −
(

2ηwλ0j
Λ1/2 − Cideal

T

)

Λ

2ηwΛ3/2 + aσ
4

Λ − Cideal
T

(

µz − λ0j

) . (3.43)It follows the remaining variables and fun
tions:
µ =

√

u2
a + v2

a

ΩR
, (3.44)

µz =
wa
ΩR

, and (3.45)
σ =

2c

πR
. (3.46)

a is the lift 
urve slope. Tmax and ηw 
an be found in table A.1. Noti
e thatthe (·)mr or (·)tr index needs to be applied to the above equations to �nd the
orresponding values in table A.1.Just a few (< 10) iteration steps are ne
essary for 
onverging (Gavrilets [2003℄).During hover the denominator of equation (3.37) 
ould be
ome zero when theverti
al velo
ity is equal to in�ow velo
ity (vortex ring 
onditions). Therefore,it needs to be separated from zero numeri
ally. This is be
ause the presented
al
ulation of the thrust is based on momentum theory and momentum theory
an not model the heli
opter dynami
s during vortex ring 
onditions.
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es and moments 193.3.4 Engine, governor and rotor speed modelThe torque Qe, produ
ed by the engine (positive 
lo
kwise), 
an be assumed tobe proportional to the throttle setting 0 < δt < 1 (Gavrilets [2003℄):
Qe =

Pe
Ωmr

=
Pmax

e δt
Ωmr

. (3.47)The throttle setting δt is 
ontrolled by the governor, whi
h is modeled as aproportional-integral feedba
k 
ontroller (Gavrilets [2003℄) and 
an be expressedthrough equation (3.48):
δt = Kp(Ωc − Ωmr) + Kiωi with (3.48)
ω̇i = Ωc − Ωmr, (3.49)where Ωc is the rotor speed 
ommand and Ki and Kp are feedba
k gains of thegovernor and were determined for the modeled heli
opter by Gavrilets [2003℄.The values 
an be found in table A.1.The rotor speed dynami
s are represented by (Gavrilets [2003℄):
Ω̇ = ṙ +

1

Irot
(Qe −Qmr − ntrQtr) , (3.50)where ntr 
an be found in table A.1. Approximating the main rotor as a �atsolid plate with equal distributed weight one get for Irot:

Irot =
1

4
mbladesRmr

2. (3.51)The total weight of blades and stabilizer bars is estimated to be 0.4 kg basedon proposals of several blade distributors.The torque Qmr (positive 
ounter 
lo
kwise) 
an be expressed through thetorque 
oe�
ient CQ:
Qmr = CQρ(ΩR)2πR3 with (3.52)
CQ = CT (λ0 − µz) +

CD0
σ

8

(

1 +
7

3
µ2

)

. (3.53)3.3.5 Fuselage for
esFor
es, 
aused by the rotor down wash hitting the fuselage 
an be approximatedby following equations Gavrilets [2003℄:
Xfus = −0.5ρSfus

x uaV∞, (3.54)
Yfus = −0.5ρSfus

y vaV∞, (3.55)
Zfus = −0.5ρSfus

z (wa + Vimr
)V∞ with (3.56)

V∞ =
√

u2
a + v2

a + (wa + Vimr
)2. (3.57)The Sfus(·) 
omponents represent the e�e
tive drag areas of the fuselage. Thevalues for Sfus

x , Sfus
y , Sfus

z , and Vimr

an be found in table A.1.
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es and moments 203.3.6 Tail rotorThe tail rotor is responsible for rotating the heli
opter around its verti
al axisand 
ontrols the yaw dynami
s. Therefore, it needs to 
ompensate the yawingmoment introdu
ed by the main rotor (
p. equation (3.52)).The tail rotor is used in a lot of di�erent �ow 
ir
umstan
es. It 
an be fullyor partial in the down wash of the main rotor (e.g. during forward �ight) or it
an operate in it's own wake at low in-plane airspeed (Gavrilets [2003℄). Thepresented iteration s
heme from equation (3.39)-(3.43) would fail. Therefore,the nominal for
e Ytr needs to be 
al
ulated in an other way than Zmr. The sidefor
e from equation (3.58), the resulting yawing moment from equation (3.59),and a rolling moment from equation (3.60) will be 
al
ulated in the following:
Ytr = mY tr

δr δr + mY tr
v µ

tr
z ΩtrRtr, (3.58)

Ntr = −Ytrltr, and (3.59)
Ltr = Ytrhtr. (3.60)In equation (3.58), the thrust in�ow iteration is linearized around the trim
onditions (ν̇ = 0)
CRB(ν)ν = T (x,utrim) + g(η). (3.61)This results in the 
orresponding dimensional stability derivatives Y tr

v and Y tr
δr
:

Y tr
v = −Ctr

T
µtr

z

ftρΩtrRtrπR2
tr

m
and (3.62)

Y tr
δr = −Ctr

Tδr

ftρ(ΩtrRtr)
2πR2

tr

m
. (3.63)Where Ctr

T
µtr

z

and Ctr
Tδr

are partial, non dimensional derivatives of the thrust
oe�
ient:
Ctr
T

µtr
z

=
∂Ctr

T

∂µtrz

(

|µtr|, µtrz = 0, δtrimr

)

, and (3.64)
Ctr
Tδr

=
∂Ctr

T

∂δr

(

|µtr|, µtrz = 0, δtrimr

)

. (3.65)In Gavrilets [2003℄ those derivatives were 
al
ulated numeri
ally, while Ctr
T is
al
ulated like the main rotor thrust 
oe�
ient using tail rotor values. In thisthesis, the derivatives are realized by implementing a solution given in Pad�eld[1996℄, page 219 and 229. Pad�eld found for ea
h derivative two approximations,one for forward �ight:

∂CT
∂µz

≈ 2aσµ

8µ+ aσ
, (3.66)

∂CT
∂θ0

≈ 4

3

[

aσµ (1 + 1.5µ2)

8µ+ aσ

]

, (3.67)
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es and moments 21and one for hover:
∂CT
∂µz

≈ 2aσλ0

16λ0 + aσ
, (3.68)

∂CT
∂θ0

≈ 8

3

[

aσλ0

16λ0 + aσ

]

. (3.69)The transition is realized by a linear adaption:
∂CT
∂µz

= x
∂CT
∂µz hover

+ (1 − x)
∂CT
∂µz forward flight

with (3.70)
x =

{

0 ||v0
b || > v0

b ff
||v0

b ||

v0
b ff

otherwise . (3.71)Furthermore, it is ne
essary to 
al
ulate the tail rotor in�ow 
omponents µtrzand µtr whi
h are given by
µtr =

√

u2
a + w2

tr

ΩtrRtr
and (3.72)

µztr =
vtr

ΩtrRtr

. (3.73)The 
orresponding tail rotor body velo
ities wtr and vtr are given by Gavrilets[2003℄:
vtr = va − ltrr + htrp and
wtr = wa + ltrq −KλVimr

. (3.74)
Kλ approximates the very 
omplex relationship between main rotor wake a�e
tsand tail rotor thrust. Depending on heli
opter speed and main rotor indu
edvelo
ity, the ba
kward 
omponents tail rotor, horizontal stabilizer bar, andverti
al �n are 
omplete, partial, or not in the wake or down wash of the mainrotor (Gavrilets [2003℄):

Kλ =



















0 Vimr
≤ wa not in wake

0 ua

Vimr−wa
≤ gi not in wake

1.5 ua

Vimr−wa
≥ gf full in wake

1.5
ua

Vimr
−wa

−gi

gf−gi
else partial in wake , with (3.75)

gi =
ltr − Rmr − Rtr

htr

and (3.76)
gf =

ltr − Rmr + Rtr

htr

. (3.77)
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es and moments 22Two parameter are missing to 
omplete equation (3.58):
ft = 1.0 − 3

4

Svf

πR2
tr

and (3.78)
Ωtr = ntrΩmr. (3.79)

ft is the �n blo
kage fa
tor (Gavrilets [2003℄, Pad�eld [1996℄) and 
an be foundtogether with the tail rotor gear ratio ntr in table A.1.3.3.7 Horizontal stabilizer for
es and momentsThe horizontal tail produ
es primary lift (
p. equation (3.80)). Furthermoreit stabilizes the, by main rotor blade �apping disturbed, pit
hing motion dur-ing verti
al �ight (
p. equation (3.81)). Therefore, it is assumed that thehorizontal tail is lo
ated in the �ow �eld of the main rotor Gavrilets [2003℄,He�ey and Mni
h [1988℄. The 
orresponding horizontal stabilizer for
e andmoment are 
al
ulated by
Zht = 0.5ρSht

[

Cht
Lα
|ua|wht + |wht|wht

] and (3.80)
Mht = Zhtlht with (3.81)
wht = wa + lhtq −KλVimr

. (3.82)The same Kλ is used as presented in the tail rotor se
tion (
p. equation(3.75)).The lift for
e is limited in respe
t to stall:
|Zht| ≤ 0.5ρSht

[

u2
a + w2

ht

]

. (3.83)3.3.8 Verti
al �nThe side for
e 
aused by the verti
la �n 
an be approximated through
Yvf = −0.5ρSvf

(

Cvf
Lα
V tr
∞ + |vvf |

)

vvf , (3.84)where
V tr
∞ =

√

u2
a + w2

tr, and (3.85)
vvf = va − ǫtrvfVitr − ltrr. (3.86)The tail rotor indu
ed velo
ity Vitr 
an be 
al
ulated by Pad�eld [1996, page116℄:
Vitr = λ0ΩR. (3.87)

λ0 and the tail rotor thrust 
oe�
ient CT 
an be 
al
ulated with the iterations
heme given for the main rotor, using the tail rotor parameters. Qtr 
ould be
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al
ulated the same way using equation (3.52) as basis.
wtr is 
al
ulated in equation (3.74). Noti
e that there is an absolute value for
Yvf . This is to take stall into a

ount:

|Yvf | ≤ 0.5ρSvf

[

(

V tr
∞

)2
+ V 2

vf

]

. (3.88)The side for
e generated by the verti
al �n in equation (3.84) 
auses the twomoments Nvf and Lvf :
Nvf = −Yvf ltr and (3.89)
Lvf = Yvfhtr (3.90)3.4 Model veri�
ationThe model has been implemented in MATLABTM/SimulinkTM. Therefore, thequaternion representation, respe
tively equation (2.27), was used. Figure 3.3shows a simulation, 
ontrolling the altitude and the yaw angle of the presentedX-Cell model with simple PD 
ontrollers. The model behaves as suggested. Apit
h angle θ result in a movement in negative x dire
tion and a roll angle ψin a movement in y dire
tion. The angles are introdu
ed be
ause of tail rotormoments and blade �apping.
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Chapter 4Control of UAVDuring �ight the states of a heli
opter show a large variation. In addition,a heli
opter has fewer independent 
ontrol a
tuators than degrees of freedomto be 
ontrolled. As shown by Gonzalez et al. [2004℄, linear 
ontrol laws 
anbe applied for hovering but result in instability during �ight. Therefore, it isne
essary to use nonlinear 
ontrol te
hniques.There are several approa
hes for nonlinear 
ontrol of Gavrilets heli
opter model.At �rst Mar
oni and Naldi [2006℄ was implemented. This 
ontroller is basedon de
oupling of the 
ontrol inputs and a nested saturation 
ontrol, 
ompareAngeli et al. [2003℄. This 
ontroller seems to be very robust and works verywell for a simpli�ed model. Unfortunately these simpli�
ations make a lot ofproblems if the 
ontroller runs on the 
omplete model. Be
ause of that, another approa
h was 
hosen. In Bogdanov et al. [2004℄ a 
ontroller, based ona state-dependent Ri

ati equation (SDRE), is presented. This 
ontroller wasveri�ed in simulations and during real �ights with a X-Cell and R-Max modelheli
opter. The 
ontroller will be presented in the following. An other approa
hwhi
h seems to be very su

essful is based on neuronal networks and presentedby Johnson and Kannan [2002℄.4.1 SDRE theoryThe state-dependent Ri

ati equation 
ontrol is a nonlinear dis
rete time ap-proa
h. Unfortunately, there are no proofs for global asymptoti
 stability androbustness of SDRE systems as shown by Erdem [2001℄. But Erdem wrote also:In other words, via SDRE, the design �exibility of LQR formu-lation is dire
tly translated to 
ontrol of nonlinear systems.And Bogdanov et al. [2004℄ wrote:The SDRE 
ontrol generally exhibits greater stability and betterperforman
e than linear 
ontrol laws (e.g. LQR), and empiri
al25



4.2 Referen
e generation 26experien
e often shows that in many 
ases the domain of attra
tionis as large as the domain of interest.As a major disadvantage, the dis
rete-time Ri

ati equation has to be solved atea
h time step:
Pk = Φ

T
[

Pk+1 − Pk+1Γ (R + ΓPk+1Γ)−1
Γ
TPk+1

]

Φ + Q. (4.1)Hereby, Φ(x) and Γ(x) are approximated dis
retizations of the state-dependedmatri
es A(x) and B(x) in the state-dependent 
oe�
ient (SDC) system
ẋ = A(x)x + B(x)u. (4.2)With
0 = A(x0)x0 + B(x0)u|x0=0 . (4.3)

A(x) and B(x) need to be point wise 
ontrollable (Bogdanov et al. [2004℄).The dis
retization 
ould be performed by applying
Φ(xa) ≈ eA(xa)∆t and (4.4)
Γ(xa) ≈ B(xa)∆t. (4.5)This leads to the 
ontrol law
uk = −R−1

Γ(xk)
TP (xk)

(

xk − x
ref
k

)

≡ −K(xk)ek. (4.6)4.2 Referen
e generationAs a traje
tory xr, yr, zr, and ψr have to be given. ψr 
an be 
hosen in di�erentways. Either it 
an be set expli
itly or it 
an be 
hosen to 
ause forward �ight.This 
ould be realized by using the heli
opters position pn and the referen
eposition pnr :
en = pn − pnr =

[

ex ey ez
]T
. (4.7)Depending on the dire
tion of �ight, whi
h should be toward the referen
etraje
tory, ψr 
an be 
al
ulated via the arctan:

ψ̃r = − arctan

(

ey
ex

)

. (4.8)One should be aware that the z axis is going from up to down and therefore ψrotates 
lo
kwise if the heli
opter is seen from above. One should also keep inmind that arctan(ey/ex) returns the same result for the �rst and third and forthe se
ond and forth quadrant. Be
ause of that, a determination is ne
essary:
ψr =

{

ψ̃r ex ≥ 0

−ψ̃r − π/2 sign(ey) ex < 0
. (4.9)



4.2 Referen
e generation 27The 
ase ex = ey = 0 needs to be 
overed separately. Depending on the 
on-troller used for the vehi
le it 
an be possible that a 
ontinuous traje
tory isneeded. Therefor ψr 
an be �ltered by a simple PT2:
G(s) =

K
1
ω2

0

s2 + 2D
ω0
s+ 1

. (4.10)It is advisable to avoid overshooting. Therefor the damping fa
tor D should be
≥ 1. Due to several tests

G(s) =
1

1
25
s2 + 2·6

5
s+ 1

(4.11)
ould be validated.A positive 
hange in ψr is done by a positive rotation and a negative 
hangeby a negative. If ψr 
hanges from π − ǫ to π + ǫ with ǫ > 0 it is possible thatan almost 2π rotation is performed. If this 
hange is 
aused by an overshootthe yawing movement 
an be
ome unstable. To solve this problem, it is eitherne
essary to avoid these 
hanges by de
laring −π + ǫ < ψr < π − ǫ 
hoosing
ǫ > 0 or implement some kind of hysteresis to 
ause the 
ontroller to rotate theheli
opter over the short interval.The remaining states are 
al
ulated via the following equations whi
h are pre-sented by Mar
oni and Naldi [2006℄:

φr = atan2(−cθrsφrnx + cθrcψrny,−nz) and (4.12)
θr = atan2(−sψrny + cψrnx, nz) (4.13)with s· ≡ sin(·) and c· ≡ cos(·). here, n represents the normalized ve
tor:
n =





nx
ny
nz



 =





ẍr/ar
ÿr/ar

(z̈r − g)/ar



 , (4.14)
ar =

√

ẍ2
r + ÿ2

r + (z̈r − g)2. (4.15)As one 
an see, a singularity appears for ẍr = ÿr = 0 and z̈r = g. If the usedsimulation program is able to divide by zero, the arctan handles the ∞ value.If the program is not able to deal with dividing by zero a numeri
al separationis ne
essary.
ωb
nb 
an be 
al
ulated using equation (2.15).
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ontrol of UAV 284.3 SDRE 
ontrol of UAVThe 
ontroller presented by Bogdanov et al. [2004℄ observes 12 states. Theseare:
u
v
w







v0
b

p
q
r







ωn
nb































ν

x
y
z







pn

φ
θ
ψ







Θ































η

The 
ontroller 
al
ulates the 
ontrol variables known from equation (3.1) ex
eptfor δt whi
h is given by the governor:
u =

[

δcol δlon δlat δr
]T
. (4.16)Unfortunately, the heli
opter model 
an not be represented by equation (4.2)
ompletely. Be
ause of this, a mismat
h term ∆f(x) is added to (4.2) to rep-resent the remaining parts of the model:

ẋ = f(x,u) = A(x)x + B(x)u + ∆f(x,u). (4.17)Therefore, a 
ompensator is developed from Bogdanov et al. [2004℄ to 
an
elthis mismat
h:
f(x,usd + uc) ≈ A(x)x + B(x)u. (4.18)Here, the SDRE 
ontrol usd is supplemented with a stati
 nonlinear 
ompen-sator uc. The 
al
ulation of both parts will be presented in the following.4.3.1 SDC formRegarding that the heli
opters equation of motion are build up due to gravityand external for
es one 
an write
ẋ = frb(x) + T (x,u) (4.19)



4.3 SDRE 
ontrol of UAV 29with the rigid body dynami
s frb(x) and the external for
es T (x,u). Theseparts 
an now be split up in one part whi
h 
an be represent in SDC form andan other part whi
h 
an not:
frb(x) + T (x,u) = Arb(x)x + ∆frb(x) +

AT (x)x + BT (x)u + ∆T (x,u). (4.20)Another des
ription for the nonlinear model is
ẋ = frb(x) + Td(x,u) + Tu(x,u). (4.21)

frb(x) represents the rigid body dynami
s while Td(x,u) and Tu(x,u) repre-sents the external drag (Td(x,u)) and rotor (Tu(x,u)) dependent for
es.The split up will be performed for the external for
es in the following.External For
esTo derive a 
ontrol law, the �apping a1 and b1 are approximated as steady state.Following Bogdanov et al. [2004℄ and Mar
oni and Naldi [2006℄, the in�uen
e ofthe 
y
li
 
ontrol input is negle
ted. As shown in se
tion 3.3, the for
es a
tingon the heli
opter are:
T =

















X
Y
Z
L
M
N

















=

















Xmr +Xfus

Ymr + Yfus + Ytr + Yvf
Zmr + Zfus + Zht
Lmr + Lvf + Ltr
Mmr +Mht

−Qe +Nvt +Ntr

















. (4.22)
For the split up, the thrust is linearized around a spe
i�
 
ontrol input δ0

col andthe 
urrent state:
Tmr = Tmr(x,xw, δ

0
col) +

∂Tmr(x,xw, δ
0
col)

∂δcol
(δcol − δ0

col) +O2. (4.23)For a better a

ura
y, δ0
col 
an be 
hosen as the δcol value from the last timestep. ∂Tmr(x,xw, δ

0
col)/∂δcol is given in Bogdanov et al. [2004℄ as

∂Tmr
∂δcol

=
amrσ

4

(

2

3
+ µ2 − CTamrσλ0(2/3 + µ2)

4C2
t + CTamrσλ0 − 16λ3

0η
2
w(µz − λ0)

)

ρ

·V 2
tipSmr. (4.24)Be
ause of a shorter notation, ∆Tmr(x,xw, δ

0
col) is introdu
ed and de�ned asfollows:

∆Tmr(x,xw, δ
0
col) = Tmr(x,xw, δ

0
col) −

∂Tmr(x,xw, δ
0
col)

∂δcol
δ0
col. (4.25)
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Xmr-for
e The split up will be done in detail for the Xmr for
e. The resultsfor the remaining for
es 
an be found in appendix B. The Xmr for
e is givenby equation (3.20) as follows:

Xmr = −Tmra1(x,xw, δlon) (4.26)
= −Tmr [a1(x, 0, 0) + a1(0,xw, 0) + a1(0, 0, δlon)] . (4.27)Applying the thrust linearization leads to

Xmr = −
(

Tmr(x,xw, δ
0
col) +

∂Tmr(x,xw, δ
0
col)

∂δcol
(δcol − δ0

col) +O2

)

·
(

−τeq +
∂a1

∂µ

u− uw
ΩmrRmr

+
∂a1

∂µz

w − ww
ΩmrRmr

+ Anom
δlon

δlon

)

. (4.28)This equation 
an be separated in parts regarding the di�erent states and 
ontrolinputs with respe
t to equation (4.20). The state depending parts will go into
AT (x) while the 
ontrol input depending parts enter BT (x):

Xq
mr =

(

Tmr(x,xw, δ
0
col) −

∂Tmr(x,xw, δ
0
col)

∂δcol
δ0
col

)

τe (4.29)
= ∆Tmr(x,xw, δ

0
col)τe, (4.30)

Xu
mr = −∆Tmr(x,xw, δ

0
col)

∂a1

∂µ

1

ΩmrRmr
, (4.31)

Xw
mr = −∆Tmr(x,xw, δ

0
col)

∂a1

∂µz

1

ΩmrRmr
, (4.32)

Xδcol
mr = −∂Tmr(x,xw, δ

0
col)

∂δcol
a1(x,xw, 0), and (4.33)

Xδlon
mr = −∆Tmr(x,xw, δ

0
col)A

nom
δlon

. (4.34)The remaining part 
an not be used in the SDC form and needs to be 
overedby the 
ompensator:
∆Xmr =

(

∆Tmr(x,xw, δ
0
col) +

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

·∂a1

∂µ

uw
ΩmrRmr

−
(

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

Anom
δlon

δlon. (4.35)



4.3 SDRE 
ontrol of UAV 31Matrix A(x)With
A(x) = Arb(x) + AT (x), (4.36)matrix A is given by
A =









A11 A12 03×3 A14

A21 A22 03×3 03×3

03×3 Ψ(φ, θ ψ) 03×3 03×3

R(φ, θ, ψ) 03×3 03×3 03×3









. (4.37)Here, A11 des
ribes the in�uen
e of the body velo
ity to the body a

elerations:
A11 =







Xu
mr+Xu

fus

m
r −q + Xw

mr

m

−r Y v
mr+Y v

fus+Y
v
vf

m
p

q −p Zw
fus+Z

w
ht

m






. (4.38)

A12 des
ribes the in�uen
e of the body angular velo
ity to the body a

elera-tions:
A12 =





0 Xq
mr 0

Y p
mr 0 Y r

fv

0 Zq
ht 0



 . (4.39)
A14 des
ribes the in�uen
e of gravity to the body a

elerations:

A14 =





0 −g sin θ
θ

0

g sinφ
φ

cos θ 0 0

0 0 0



 . (4.40)Noti
e that sin x/x = 1 for x = 0. Be
ause of this, A14 is nonsingular. Thisprobably has to be 
overed in the simulation manually. The last row of A14 iszero be
ause the gravity in�uen
e on ẇ does not full �ll the requirement fromequation (4.3). For a 
omplete presentation the for
es, 
aused by gravity, aregiven by:
f(x)rb = Arb(x)x + ∆frb(x), (4.41)
Arb(x) =

[

A14

09×1

]

, and (4.42)
∆frb =





02×1

g cos θ cosφ
09×1



 . (4.43)
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A21 des
ribes the in�uen
e of the body velo
ity to the body angular a

elera-tions:

A21 =





0 Lvmr + Lvvf 0
Mu

mr 0 Mw
mr +Mw

ht

0 Nv
vf 0



 . (4.44)
A22 des
ribes the in�uen
e of the body angular velo
ity to the body angulara

elerations:

A22 =







Lpmr/Ixx
Iyy−Izz

2Ixx
r Iyy−Izz

2Ixx
q + Lrvf/Ixx

Izz−Ixx

2Iyy
r (M q

mr +M q
ht)/Iyy

Izz−Ixx

2Iyy
p

Ixx−Iyy

2Izz
q Ixx−Iyy

2Izz
p N r

vf/Izz






. (4.45)Matrix B(x)Matrix BT from equation (4.20) will be named just B in the former. Similarto matrix A, B is build up from several sub-matri
es:

B =





B1

B2

06x4



 . (4.46)Matrix B1 des
ribes the in�uen
e of the four 
ontrol values, 
al
ulated by the
ontroller, on the body velo
ity:
B1 =





Xδcol
mr Xδlon

mr 0 0

Y δcol
mr 0 Y δlat

mr Y δr
tr

Zδcol
mr 0 0 0



 . (4.47)Matrix B2 des
ribes the in�uen
e of the four 
ontrol values on the body angularvelo
ity:
B2 =





Lδcol
mr 0 Lδlat

mr Lδrtr
M δcol

mr M δlon
mr 0 0

0 0 0 N δr
tr



 . (4.48)4.3.2 CompensatorA 
ompensator is designed to eliminate the mismat
h between the SDC modeland the real model. The idea is to add an additional 
ontrol input based on the
urrent state and usd, following Bogdanov et al. [2004℄:
f(x)rb + T (x,xw,u

sd) ≡ A(x)x + B(x)usd

+∆f(x,usd), (4.49)
f(x)rb + T (x,xw,u

sd + uc) ≈ A(x)x + B(x)usd, (4.50)
f(x)rb + Td(x,xw) + Tu(x,xw,u

sd + uc) ≈ A(x)x + B(x)usd. (4.51)
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ontrol of UAV 33Beside this, the 
ompensator is able to handle disturban
es (e.g. wind) in abetter way (Bogdanov and Wan [2003℄). While only matrix Tu(x,xw,u
sd+uc)is a�e
ted by an additional 
ontrol input this input has to 
over the mismat
hin
luding the in�uen
e of wind:

Tu(x,xw,u
sd + uc) ≈ −f(x)rb − Td(x,xw) + A(x)x + B(x)usd. (4.52)The right side of equation (4.52) 
an be 
al
ulated due to the 
urrent state andthe SDRE 
ontrol input. Finally, one derives the 
ompensator 
ontrol input

uc by solving the system of equations given by (4.52). Therefore, a ve
tor
D(x,xw,u

sd) is de�ned:
D(x,xw,u

sd) ≡ −f(x)rb − Td(x,xw) + A(x)x + B(x)usd (4.53)and equation (4.52) will be solved for uc:
uc ≈ T−1

u (x,xw,D(x,xw,u
sd)). (4.54)The above expression 
overs the mismat
h.The rotor indu
ed for
es Tu(x,xw,u) with u = usd+uc are given expli
itly by

Tu(x,xw,u) =































Xmr(δcol, δlon)/m
[Ymr(δcol, δlat) + Ytr(δr)] /m

Zmr(δcol)/m
[Lmr(δcol, δlat) + Ltr(δr)] /Ixx

Mmr(δcol, δlon)/Iyy
[−Qe(δt) +Ntr(δr)] /Izz

0...
0































12×1

. (4.55)
Problemati
 is the mapping of the four 
ontrol inputs in R

6. Hen
e, the �rsttwo elements of Tu are negle
ted due to the fa
t that the heli
opter movementin the XY-plane is dominated by the vehi
le attitude. The remaining ve
tor isgiven by:
T ∗
u (x,xw,u) =









Zmr(δcol)/m
[Lmr(δcol, δlat) + Ltr(δr)] /Ixx

Mmr(δcol, δlon)/Iyy
[−Qe(δt) +Ntr(δr)] /Izz









. (4.56)Noti
e that D(x,xw,u
sd) is only depending on usd. The ve
tor D(x,xw,u

sd),respe
tively the redu
ed D∗(x,xw,u
sd), is expli
itly given by

D(x,xw,u
sd) ≡ −f(x)rb − Td(x,xw) + A(x)x + B(x)usd, (4.57)
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f(x)rb = Arb(x)x + ∆frb(x) (4.58)
Arb(x) =

[

A14

09×1

]

, (4.59)
∆frb =





02×1

g cos θ cosφ
09×1



 , and (4.60)
Td(x,xw) =































Xfus/m
[Yfus + Yvf ] /m
[Zfus + Zht] /m

Lvf/m
Mht/m
Nvt/m

0...
0































12×1

. (4.61)
And the redu
ed ve
tor by

T ∗
d (x,xw) =









[Zfus + Zht] /m
Lvf/m
Mht/m
Nvf/m









. (4.62)The redu
ed Matrix D∗(x,xw,u
sd) =

[

D3 D4 D5 D6

]T is given by:
D3 = −g cos θ cosφ− Zfus + Zht

m

+qu− pv +
Zw
fus + Zw

ht

m
w + Zq

htq + Zδcol
mr δ

sd
col, (4.63)

D4 = −Lvf/m+ (Lvmr + Lvvf )v + Lpmrp/Ixx +
Iyy − Izz

2Ixx
rq

+

(

Iyy − Izz
2Ixx

q + Lrvf/Ixx

)

r + Lδcol
mr δ

sd
col + Lδlat

mr δ
sd
lat + Lδrtr δ

sd
r , (4.64)

D5 = −Mht/m+Mu
mru+ (Mw

mr +Mw
ht)w

+
Izz − Ixx

2Iyy
rp+ (M q

mr +M q
ht)q/Iyy +

Izz − Ixx
2Iyy

pr (4.65)
+M δcol

mr δ
sd
col +M δlon

mr δ
sd
lon, and (4.66)
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D6 = −Nvt/m+Nv

vfv +
Ixx − Iyy

2Izz
qp+

Ixx − Iyy
2Izz

pq

+N r
vfr/Izz +N δr

tr δ
sd
r . (4.67)Expression (4.52) yields to

− Tmr(δcol) ≈ mD3(δ
sd
col) (4.68)what leads to δccol. With

(Kβ + Tmr(δcol)hmr)b1(x,xw, δlat) + Ltr(δr) ≈ IxxD4(δ
sd
col, δ

sd
lat, δ

sd
r ) (4.69)one 
an 
alulate δclat.

(Kβ + Tmr(δcol)hmr)a1(x,xw, δlon) ≈ IyyD5(δ
sd
col, δ

sd
lon) (4.70)leads to δclon and

−Qe(δt) −
(

mY tr
δr δr + mY tr

v µ
tr
z ΩtrRtr

)

ltr ≈ IzzD6(δ
sd
r ) (4.71)to δcr. Where δ = δsd + δc is. Finally, one re
eive:

δccol ≈ T−1
mr (−mD3) − δsdcol, (4.72)

δcr ≈ −
IzzD6+Qe(δt)

ltr
+ mY tr

v µ
tr
z ΩtrRtr

mY tr
δr

+ δsdr , (4.73)
δclat ≈

IxxD4−Ltr(δr)
Kβ+Tmr(δcol)hmr

+ τep− ∂b1
∂µv

va

ΩmrRmr

Bnom
δlat

− δsdlat, and (4.74)
δclon ≈

IyyD5

Kβ+Tmr(δcol)hmr
+ τeq − ∂a1

∂µ
ua

ΩmrRmr
− ∂a1

∂µz

wa

ΩmrRmr

Anom
δlon

− δsdlon. (4.75)The 
al
ulation of T−1
mr is similar to the 
al
ulation of Tmr in se
tion 3.3.3 itself:1. 
al
ulation of −mD3,2. 
al
ulation of CT = T

ρ(ΩR)2πR2 = −mD3

ρ(ΩR)2πR2 ,3. 
al
ulation of λ0 via the iteration s
heme λ0j+1
= λ0j

+ fjhj(λ0j
), and4. 
al
ulation of δcol = δsdcol + δccol = 3

4CT
aσ

−µz+λ0

2+3µ2 .
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ontrol of UAV 36One should remember the simpli�
ation made in (3.23). Applying the 
ontrolleron the real heli
opter makes it ne
essary to 
over this simpli�
ation also, whatleads to
δclon ≈

arcsin
(

IyyD5

Kβ+Tmr(δcol)hmr

)

+ τeq − ∂a1
∂µ

ua

ΩmrRmr
− ∂a1

∂µz

wa

ΩmrRmr

Anom
δlon

−δsdlon (4.76)and
δclat ≈

arcsin
(

IxxD4−Ltr(δr)
Kβ+Tmr(δcol)hmr

)

+ τep− ∂b1
∂µv

va

ΩmrRmr

Bnom
δlat

− δsdlat. (4.77)4.3.3 Evolutionary algorithmFor the solution of equation (4.1) and the 
al
ulation of equation (4.6) it isne
essary to determine the matri
es R12×12 and Q4×4. As in linear-quadrati
regulator (LQR) design, Q has to be positive semide�nite (≥ 0) and R has tobe positive de�nite (> 0) (Erdem [2001℄). Be
ause Q and R are at least positivede�nite it is possible to do a Cholesky fa
torization. Reverted, it means thatthese matri
es 
an be build up out of triangular matri
es:
Q = Q̃T Q̃ with Q̃ =











q̃11 q̃12 · · · q̃1n
0 q̃22 · · · q̃2n... ... . . . ...
0 0 0 q̃nn











. (4.78)The same holds for R. The representation through the triangular matri
es leadsto 78 values for Q respe
tively Q̃ and ten values for R respe
tively R̃ whi
hneed to be tuned. Therefore an (µ+ λ) evolution strategy was used.(µ+ λ) evolution strategyEvolution strategies follow the evolution theory. The pro
ess starts with a set ofindividuals whi
h are represented by a set of parameters. O�spring (
hildren)are inherited by 
ombining the parameters of two individuals (parents) and bydoing slightly 
hanges to the result (mutation). Cal
ulating a �tness-value forall existing individuals (parents and 
hildren) makes it possible to sele
t theseindividuals with the best parameters in the sense of the used �tness fun
tion.The remaining individuals will be dis
ard (Adamy [2005℄).In this thesis, ten parents (µ) are used for ea
h generation and these generate
5µ = 50 o�spring. The individuals are build as a ve
tor 
ontaining fun
tionparameter (ς) whi
h shall be optimized (the elements of Q̃ and R̃) and as many
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ontrol of UAV 37strategy parameters (υ) whi
h are used for the mutation. Equation (4.79) isrepresenting an individual j of generation i.
µi
j =

[

ς ij
υi
j

] with (4.79)
ς ij =

[

q̃i1 · · · q̃i78 r̃i1 · · · r̃i10
]T
, (4.80)

υi
j =

[

σi1 · · ·σi88
]T
. (4.81)Reprodu
tion and re
ombinationThe fun
tion parameter of 
hild λi

j are inherited by the parents fun
tion pa-rameters ς ik and ς il by 
al
ulating the mean values. While for ea
h strategyparameter one of the two parents is 
hosen by random to inherit the a

ord-ingly strategy parameter dire
tly to the 
hild.MutationThe mutation of the strategy parameter is done by
υi+1 = max

{

υi · exp(0.2 · z1),υmin
} (4.82)and the mutation of the fun
tion parameter by

ς i+1 = ς i + z2 · υi. (4.83)Here, z1 and z2 are standard normal distributed random numbers and υmin isthe minimum mutation width.Sele
tionThe µ individuals with the lowest �tness values are taken as parents for thenext generation. For the 
al
ulation of the �tness value the 
ontroller behavior,using the individuals values, is analyzed. The referen
e position is set to xr =
yr = zr = ψr = 0 while for the heli
opter position a sinusoidal signal is usedin the �rst step. The goal is to �nd a individual whi
h returns valid 
ontroloutput under this de�e
tions. The �tness value is than given as

f(ς i) =

∫ t

0

δ2
coldt+

∫ t

0

δ2
londt+

∫ t

0

δ2
latdt+

∫ t

0

δ2
rdt. (4.84)The so found individual should be used as a basis for an evolutionary algorithmwhi
h uses the full heli
opter together with the 
ontroller. This split up wouldsigni�
antly in
rease the 
al
ulation time. Unfortunately the su

ess of thealgorithm is 
oupled with the 
omputional power. Today the simulation just ofthe 
ontroller, whi
h is needed for the 
al
ulation of f(ς i), is very slow. Only624 generations are performed during 38 hours and no useful result was foundduring the time of this thesis. In addition, it looks like the algorithm runs in alo
al minimum.



Chapter 5Model and 
ontrol of simpli�edUAVDue to the fa
t that the simulation of the 
omplete model takes a long timeand the 
ontrol is very di�
ult, a simpli�ed model is used. This enables anearly work on the formation �ight 
ontroller. The simpli�ed model is based onMar
oni and Naldi [2006℄. They also developed a 
ontrol law for this simpli�edmodel. It is a robust nonlinear 
ontrol, based on a verti
al 
ontroller and a
as
ade 
ontroller whi
h 
ontrols the horizontal and attitude dynami
s.5.1 Simpli�ed modelThe following assumptions are made in 
ompare to the full model:
• The �apping angles a1 and b1 are assumed to be equal to the 
ontrolinputs δlon and δlat. Besides that sin δlat,lon ≈ δlat,lon and cos δlat,lon ≈ 1.
• Ytr is assumed to be 
an
eled out by the main rotor for
e Ymr.
• The only main rotor for
e is Zmr. Xmr is negle
ted in f b

o and is only takeninto a

ount in mb
0.

• The thrust and rotor speed 
al
ulations are stri
tly simpli�ed.
• The in�uen
es of verti
al �n and horizontal stabilizer bar are negle
ted.

38



5.1 Simpli�ed model 39Doing so, the for
es f b
o and moments mb

o in equation (3.3) respe
tively (3.9)
hange to
f b
o =





0
0
Zmr



+ Rn
b (Θ)T





0
0

mg



 , and (5.1)
mb

o =





Lmr
Mmr

Nmr



+





Ymrhmr + Ytrhmr

−Xmrhmr

−Ytrltr



 . (5.2)The following states are observed by the 
ontroller:
x
y
z







pn

φ
θ
ψ







Θ































η

p
q
r







ωb
nb

ΩmrThe referen
e 
an be generated as presented in se
tion 4.2.5.1.1 For
es and momentsIn this se
tion the modeling of for
es and moments will be presented.For
esThe for
es from equation (5.1) are expressed by Mar
oni and Naldi [2006℄ asfollows:
Xmr = −Tmrδlon, (5.3)
Ymr = −Tmrδlat, (5.4)
Zmr = −Tmr, and (5.5)
Ytr = −Ttr . (5.6)Mar
oni and Naldi [2006℄ does not uses the iteration s
heme 
al
ulating thethrust. They modeled it as
Tmr = KTM

Ω2
mrδcol and (5.7)

Ttr = KTT
Ω2
mrδr. (5.8)

KTM
and KTT

are 
onstants. Their values 
an be found in table A.2.



5.1 Simpli�ed model 40MomentsThe moments from equation (5.2) are expressed by Mar
oni and Naldi [2006℄as follows:
Lmr = cQ,T

M δlat −
Pmaxδt
Ωmr

δlon, (5.9)
Mmr = cQ,T

M δlon +
Pmaxδt
Ωmr

δlat, and (5.10)
Nmr = −Pmaxδt

Ωmr

. (5.11)Equation (5.2) 
an also be expressed by
mb

o = A(δcol, δt,Ωmr)





δlon
δlat
δr



+ B(δcol, δt,Ωmr). (5.12)The matri
es A(δcol, δt,Ωmr) and B(δcol, δt,Ωmr) are used for the lateral andlongitudinal 
ontroller later. They are expli
itly given by
A =

[

A1 A2 A3

]

, with (5.13)
A1 =





−Pmax

Ωmr
δt

cM
Q,T + KTM

Ω2
mrhmrδcol

0



 , (5.14)
A2 =





cM
Q,T − KTM

Ω2
mrhmrδcol

Pmax

Ωmr
δt

0



 , (5.15)
A3 =





−KTT
Ω2
mrhtr

0
KTT

Ω2
mrltr



 , and (5.16)
B =





0
0

−Pmax

Ωmr
δt



 . (5.17)The values of the used 
onstants 
an be found in table A.2.



5.2 Verti
al 
ontroller 415.1.2 Engine dynami
sThe engine dynami
 is simpli�ed to
Ω̇mr =

1

Irot
(Qe −Qmr) . (5.18)The engine torque Qe is modeled as for the 
omplete model in equation (3.47).The torque Qmr, 
aused by the aerodynami
 resistan
e of the rotor, is modeledas

Qmr =
(

c + dδ2
col

)

Ω2
mr. (5.19)The values of c and d 
an be found in table A.2.5.2 Verti
al 
ontrollerThe verti
al dynami
s are des
ribed by the third line of equation (3.3) regardingthe 
hanges made in (5.1). Expli
itly the verti
al dynami
s of the simpli�edheli
opter are given by

mẇ + m (−vp+ uq) = −TM + cosφ cos θ mg. (5.20)Transforming them to the NED frame leads to
mz̈ + mñ = − cosφ cos θ KTM

δcolΩ
2
mr + mg. (5.21)While ñ represents the third line of Rn

b (Θ)CRB(ν)ν. Mar
oni and Naldi [2006℄introdu
e a preliminary 
ontrol law of the form
δcol =

−δ′

col + mg − mz̈r
KTM0Ω2

mrs cosφs cos θs
. (5.22)Here, the in�uen
e of the verti
al dynami
s (ñ) are de
oupled from the attitudeand engine dynami
s by the auxiliary 
ontrol input δ′

col. Ωmrs , cos φs, and
cos θs are 
onstru
ts to avoid singularities, e.g. the values 
ould be separatednumeri
ally from zero. KTM0 is introdu
ed to respe
t a mismat
h between themodel and the real heli
opter.Solving equation (5.21) for δcol and equate it with equation (5.22) leads to

mz̈ =
cosφ cos θ KTM

Ω2
mr

cosφs cos θsKTM0Ω2
mrs

(

δ
′

col − mg + mz̈r

)

+ mg − mñ. (5.23)Mar
oni and Naldi [2006℄ prove, taking the design of the remaining 
ontrollerinto a

ount that cosφ cos θ Ω2
mr = cosφs cos θsΩ

2
mrs after a �nite time. Sub-tra
ting mz̈r from equation (5.23) leads with the verti
al error ez = z − zr to
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ontroller 42the verti
al error dynami
s:
mëz =

KTM

KTM0

(

δ
′

col − mg + mz̈r

)

+ mg − mñ− mz̈r

=
KTM

KTM0
δ
′

col + m

(

1 − KTM

KTM0

)

(g + z̈r) − mñ. (5.24)Finally, δ′

col is designed as a PID 
ontroller with respe
t to equation (5.24):
δ
′

col = ξ − k2ėz − k2k1ez with (5.25)
ξ̇ = −k2ėz − k2k1ez + mėz. (5.26)

k1 and k2 are design parameters. The values of the 
onstants 
an be found intable A.2.5.3 Engine 
ontrollerBased on equation (5.18) a preliminary feedba
k is 
hosen by Mar
oni and Naldi[2006℄ to 
ompensate Qmr:
δt =

Ω3
mr

Pmax

(

δ
′

t + c + dδ2
col

)

. (5.27)While δ′

t is designed as a nonlinear PI 
ontroller:
δ
′

t = −k3 (Ωmr − Ωnom) − k4ξ with (5.28)
ξ̇ = k3Ω

2
mr (Ωmr − Ωnom) . (5.29)5.4 Lateral and longitudinal 
ontrollerThe heli
opters attitude has a huge in�uen
e on the lateral and longitudinalmovement. This is 
aused by the dependen
e of the rotation matrix Rn

b of
Θ as one 
an see in equation (2.13) and by the fa
t that the transforma-tion of the body velo
ities leads to NED a

elerations, referred to equation(2.12) and (2.15). Be
ause of that, a 
as
ade 
ontrol stru
ture is 
hosen byMar
oni and Naldi [2006℄. The inner loop 
ontrols the attitude and the outerloop the lateral and longitudinal dynami
s. This split up is 
ommon in he-li
opter 
ontrol (e.g., Kondak et al. [2004℄, Johnson and Kannan [2002℄). Aspresented in se
tion 4.2 a lateral or longitudinal de�e
tion from the lateral andlongitudinal referen
e traje
tory 
auses also a de�e
tion of the attitude refer-en
e and leads to a rotation in the appropriate dire
tion.As a preliminary feedba
k 
ontrol,





δlon
δlat
δr



 = A−1 (ṽ − B) (5.30)
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ontroller 43is 
hosen with respe
t to equation (5.12), A given in equation (5.13), and B in(5.17). ṽ represents the 
as
ade stru
ture mentioned above.5.4.1 Inner loopIn Mar
oni and Naldi [2006℄, the inner loop is based on feedforward and high-gain-feedba
k 
ontrol, pro
essing the attitude and the outer loop output Θout,whi
h is designed using a nested saturation 
ontrol law. The inner loop is givenby
ṽ = ṽ1 + ṽ2 + ṽ3 with (5.31)
ṽ1 = −KPKD(ωb

nb − ωb
nb,r) − KP





tφ− tφr
tθ − tθr

ψ + Kψηψ − ψr



 , (5.32)
ṽ2 = KP





[

−cψ sψcθ/cφ
sψ/cθ cψ/cφ

]

Θout

0



 . and (5.33)
ṽ3 = I0ω̇

b
nb,r + S(ωb

nb,r)I0ω
b
nb,r. (5.34)Where s· ≡ sin(·), c· ≡ cos(·) and t· ≡ tan(·).As one 
an see in equation (2.15), ωb

nb,r 
an be derived by a transformation of
Θ̇:

ωb
nb,r = T−1

Θ (Θr)Θ̇r. (5.35)With T−1
Θ (Θr) given in equation (2.16) and I0 in (3.5). ηψ is given by

η̇ψ = ψ − ψr. (5.36)The values of the remaining 
onstants 
an be found in table A.2.5.4.2 Outer loopThe outer loop 
an be de�ned as slow while the inner loop is fast. It providesthe de
oupling between the attitude and the lateral and longitudinal dynami
s.As already mentioned, a nested saturation 
ontrol law is used:
Θout = λ3σ

(

K3

λ3

ξ3

)

. (5.37)



5.5 Simulation results 44Be aware that σ(·) is a saturation fun
tion de�ned in Mar
oni and Naldi [2006℄as
∣

∣

∣

∣

dσ(s)

ds

∣

∣

∣

∣

≤ 2 ∀s, (5.38)
sσ(s) > 0 ∀s 6= 0, σ(0) = 0, (5.39)
σ(s) = sign(s) for |s| ≥ 1, and (5.40)
|s| < |σ(2)| < 1 for |s| < 1. (5.41)

ξ3 is 
al
ulated as follows:
ξ3 =

[

η̈y
η̈x

]

+ λ2σ

(

K2

λ2
ξ2

)

, (5.42)
ξ2 =

[

η̇y
η̇x

]

+ λ1σ

(

K1

λ1
ξ1

)

, (5.43)
ξ1 =

[

ηy
ηx

]

, (5.44)
η̇y = y − yr, and (5.45)
η̇x = x− xr. (5.46)As mentioned in se
tion 5.2, Mar
oni and Naldi [2006℄ prove the validity of thepresented 
ontroller by the tuning of the gains and the 
ombined working of thethree 
ontrollers. They show that perfe
t asymptoti
 tra
king is a
hieved forperfe
t knowledge of the heli
opter. In 
ase of existing un
ertainties, the tra
k-ing error 
an be rendered arbitrarily small by in
reasing KP used in equation(5.31). The values of the remaining 
onstants 
an be found in table A.2.5.5 Simulation resultsThe presented 
ontroller works very well with the simpli�ed model. The sev-eral derivatives used in the 
ontroller 
an be the reason for problems duringthe simulation whi
h are 
aused by the numeri
al solution of 
al
ulating thosederivatives. To prevent those problems, �xed time steps 
an be used. In addi-tion, 
riti
al derivatives 
an be approximated by the di�eren
es of two followingtime steps. Figure 5.1 shows the simulation result from the 
ontroller workingwith the simpli�ed model. Figure 5.2 shows the generated 
ontrol input duringthe �ight. The traje
tory is performing a sinusoidal movement in ea
h dire
-tion in addition to a linear movement in x dire
tion. A step in ea
h dire
tion isin
luded at t = 15. The 
ontroller handles both, the tra
king and the 
onverge
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5.5 Simulation results 48after the step without overshooting. This is a very important fa
t for formation�ight, when overshooting 
ould 
ause 
ollisions.Figure 5.3 shows an other �ight where the heli
opter is ordered to moves
rewing downwards.



Chapter 6Formation �ightFormations of autonomous vehi
les o�er a huge in
rease of performan
e androbustness 
ompared to a single operating vehi
le. A single small autonomousvehi
le 
an 
arry only few equipment, while formations 
an distribute the equip-ment, ne
essary for a spe
i�
 mission, to all vehi
les in the swarm (e.g., onevehi
le responsible for navigation, one for video analysis, et
.). Appli
ations forautonomous vehi
le formations 
an be a

ounted for all kind of robots, under-water, on land, in air, and in spa
e (Do [2006℄).Di�erent types of autonomous vehi
le formation solutions 
an be found in theliterature (Chen and Wang [2005℄, Borrelli et al. [2006℄). The two main ap-proa
hes are potential �eld and leader-follower approa
h. In leader-followerapproa
h one or several vehi
les a
t as a leader while the rest is following,tra
king transformed states of their neighbors. The advantage of this approa
his that it is easy to understand and also easy to realize. The disadvantage isthe missing feedba
k from the followers to the leader (Do [2006℄). The potential�eld approa
h is more 
omplex and needs more 
omputational power but o�ersa very e�e
tive way of building formations with respe
t to 
ollision and obsta
leavoidan
e (Do [2006℄, Elkaim and Kelbley [2006℄). Combinations of these twoapproa
hes are often used to build and move formations be
ause they are verye�e
tive, robust and easy to handle. This thesis presents a lo
al potential �eldin 
ombination with a virtual leader formation approa
h that addresses the he-li
opter's autopilot presented in 
hapter 4 based on Elkaim and Kelbley [2006℄and Do [2006℄.Most of formation �ight 
ontrol literature is about spa
e
rafts or ground vehi-
les. The literature engaging on air
rafts deals mostly with �xed wing air
rafts.Nevertheless, formations of heli
opters are very interesting be
ause of their abil-ity to hover and to perform verti
al �ight.
49



6.1 Formation 
ontrol 506.1 Formation 
ontrolThe approa
h presented in the following is not a 
ontroller in the usual sense.The algorithm is generating traje
tories depending on the intera
tion of theswarm, the desired position and formation. Figure 6.1 shows the formation�ight solution in intera
tion with the heli
opter systems. It is a 
ombination ofvirtual leader and potential �eld approa
h. At least one vehi
le in the swarmis responsible for the swarm navigation. It provides the absolute virtual leaderposition and the relative position to the virtual leader for ea
h vehi
le. Doingthis, a 
ontinuous 
al
ulation and update of the formation for ea
h vehi
le isnot ne
essary. In addition, depending on the vehi
les memory and 
omputingpower, 
al
ulation of the 
urrent distan
e between the vehi
les is either providedby the swarm navigation vehi
le or by the individual vehi
les itself. If possible,the vehi
les should be able to measure the distan
e to their neighbors and toobsta
les itself. This would in
rease the robustness of 
ollision and obsta
leavoidan
e.A movement of the virtual leader results in a de�e
tion from the provideddistan
e and 
auses the a�e
ted vehi
le to 
orre
t its position. To 
ontrol themovement of the single vehi
les a potential �eld is used. Taking the distributedpositions and distan
es into a

ount one 
an derive a pla
e dependent potential�eld for ea
h vehi
le whi
h is �nally used for obsta
le and 
ollision avoidan
e.A spe
i�
 position 
an be assigned to a spe
i�
 vehi
le in the formation .
PSfrag repla
ements

Potential�eldgeneration Traje
torygeneration Heli
opter
ontroller Heli
opterF tot
i

xr u

xFigure 6.1: Vehi
le blo
k diagramThe advantage of this approa
h in 
ompare to other published approa
hesis the appli
ation of a potential �eld formation 
ontrol in three dimensions.In addition, a 
ontinuous �eld and thus a 
ontinuous traje
tory for the singlevehi
les is guaranteed while providing obsta
le and 
ollision avoidan
e. Finally,the algorithm provides maximum vehi
le speed.6.1.1 Virtual leaderThe virtual leader is the an
hor of ea
h formation and 
auses the formationmoving. Its traje
tory need not be 
ontinuous and 
an either be 
al
ulatedpreviously or dynami
ally during �ight. Both ends in a set of way points and
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ontrol 51event points where, e.g the formation 
hanges. If a 
ontinuous presentation ofthe virtual leader movement is ne
essary a morph between the steps 
ould beused. A linguisti
 des
ription of the tra
k 
ould look like the following:1. Adopt 
ir
le position at initial position pnini.2. Move (virtual leader) to pnvl =
[

15 0 15
]T .3. Adopt line formation.4. Adopt triangle formation while moving (virtual leader) to

pnvl =
[

100 0 20
]T .As said above, the virtual leader is the referen
e or an
hor point for the forma-tions. A well initial point for the virtual leader is thats why the 
enter of massof the swarm, assuming that in the �rst step all vehi
les are distributed in thearea. This ends in short ways while adopting the �rst formation and so in lesspower usage. The 
enter of mass of N vehi
les with absolute positions pni 
anbe 
al
ulated by:

pncm =
1

N

N
∑

i=1

pni . (6.1)The virtual leader's 
omponent to the lo
al time dependent potential �eld is
Fvl = Kvl

(

pnvl − pni −
[

pnvl − pni0
]) (6.2)

= Kvl (di − di0) . (6.3)
Kvl is the virtual leader gain whi
h needs to be tuned. The meaning of thevariables is explained by �gure 6.2. It is advisable to limit the virtual leaderin�uen
e. Due to the fa
t, that a way point 
an be far away from the a
tualposition, equation (6.2) respe
tively (6.3) 
an be
ome large be
ause of a large
di. This would result in a domination of the virtual leader 
omponent in thepotential �eld and 
ould 
onstri
t an e�e
tive 
ollision or obsta
le avoidan
e.6.1.2 Inter vehi
le in�uen
eThe in�uen
e of the other vehi
les to the potential �eld is expressed by:

Fij = Kij

(

pnj − pni −
[

pnj0 − pni0
]) (6.4)

= Kij (dij − dij0) . (6.5)Similar to equations (6.2) and (6.3) pnj is the position ve
tor for vehi
le j and
pnj0 is the position ve
tor pointing to vehi
le j's pla
e in the formation. Kij isthe inter vehi
le gain whi
h needs to be tuned. Equation (6.4), respe
tively
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PSfrag repla
ements pnvl

pni

pni0

di0

di

Figure 6.2: Ve
tor de�nitions for formation �ight
pnvl: position ve
tor of virtual leader; pni : 
urrent position ve
torof vehi
le i; pni0 : position ve
tor of vehi
le i's pla
e in theformation(6.5), is 
al
ulated for ea
h vehi
le. This leads for vehi
le i to the total amountof

F tot
ij =

N
∑

j=1

Fij(i, j) for j 6= i (6.6)
= Kij

(

N
∑

j=1

pnj − Npni −
[

N
∑

j=1

pnj0 − Npni0

]) for j 6= i. (6.7)The ratio of Kvl and Kij de
ides if the vehi
les �y primary to the next way pointor adopt primary their new formation.6.1.3 Collision and obsta
le avoidan
eTo avoid 
ollision between the vehi
les or obsta
les a safety spa
e around ea
hvehi
le is de�ned. This spa
e is also used to build up formations. Be
auseof simpli
ity this area is de�ned as a sphere with positive radius rsav. Otherforms like ellipsoids or even more 
omplex are also thinkable to 
over the formof the vehi
le in a better way if ne
essary. Tests have been performed, usingan ellipsoid spa
e. By adding a small pit
h angle to the ellipsoid, the vehi
leshould be supported in going up or down while avoiding a 
ollision. This shouldbe realized by using the surfa
e of the sphere as a re�e
tion surfa
e 
omparableto a mirror. Figure 6.3 
lari�es the idea.Nevertheless, it turned out that the advantage in 
ompare to the sphere donot justify the additional 
al
ulation 
osts. If something enters the sphere an
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(b)Figure 6.3: Ellipsoid using for 
ollision and obsta
le avoidan
eFigure (a) shows the rotated ellipsoid, �gure (b) the angle of in
iden
e and the angle ofre�e
tion.additional �eld 
omponent, pointing away from the invading vehi
le or obsta
le,
omes up. To ensure the 
ollision avoidan
e the additional 
omponent be
omesin�nity in the 
enter of the sphere. For vehi
le i, whose safety sphere is invadedby vehi
le j, it is de�ned by
Fca =

{ (

Kca

||pn
i −pn

j ||
− Kca

rsav

)

pn
i −pn

j

||pn
i −pn

j ||
for ||pni − pnj || < rsav

0 otherwise . (6.8)The term Kca/rsav is granting a 
ontinuous potential �eld what results in a
ontinuous traje
tory for ea
h vehi
le. Again, Kca is a gain whi
h needs to betuned. If the vehi
le is able to dete
t obsta
les and to measure the shortestdistan
e to these obsta
les, equation (6.8) 
an be expanded on every dete
tedobje
t and avoid 
ollisions. Modeling obsta
les as a set of points, 
ompared tothe knots in a grid, ea
h point 
an be treated like a vehi
le and equation (6.8)needs only small adjustments. The gain Kca is to repla
e by the obsta
le gain
Koa and the vehi
les pnj by the dots, whi
h represent the obsta
le.To in
rease the performan
e, rsav 
ould be 
hosen dynami
ally, depending onthe vehi
le's velo
ity.6.1.4 Potential �eldSumming all 
omponents gives the �eld's magnitude and dire
tion of the po-tential �eld for vehi
le i at its 
urrent position.

F tot
i = Fvl + F tot

ij + Fca + Foa. (6.9)The �eld is 
ontinuous and singularity free ex
ept pla
es of other vehi
les orobsta
les where the �eld goes to in�nity. It is reasonable to de�ne a maximum



6.2 Formations 54amplitude for the for
e ve
tor while keeping its dire
tion:
F tot
i =

{

Fvl + F tot
ij + Fca for ||Fvl + F tot

ij + Fca|| < Fmax

Fmax
Fvl+F tot

ij +Fca

||Fvl+F tot
ij +Fca||

otherwise . (6.10)
Fmax will be the upper limit of the �eld's magnitude and therefore a limitationfor the vehi
le's speed due to the fa
t that a larger �led magnitude result ina larger distan
e between the a
tual vehi
le's position and the referen
e. Touse the whole speed bandwidth, Fmax must be 
hosen dynami
ally. This 
anbe realized by adding the amount of the vehi
le's NED velo
ity ||ṗn|| to Fmax.As long as the vehi
le is a

elerating, the distan
e to the vehi
le's referen
eposition in
reases. This keeps the vehi
le a

elerating until the maximal velo
ityis rea
hed:

F ∗
max = Fmax + Kv||ṗn||. (6.11)Figure 6.4 is showing a 
omputed potential �eld for a spe
i�
 vehi
le inter-a
ting with two other vehi
les. On �gure 6.4(e) 
an a lo
al minimum in the�eld's magnitude be noti
ed. This is be
ause of the opposing virtual leader and
ollision avoidan
e for
e. Due to noise, the vehi
les will not be 
aught in thisminimum be
ause it is not a stable minimum as the �led's minimum at thedesired position.The position referen
e traje
tory for vehi
le i, whi
h is used by the 
ontrollerto 
al
ulate the heli
opter's 
ontrol inputs, is given by

pni,r = pni + F tot
i , (6.12)while the 
al
ulation of the remaining referen
e values is presented in se
tion4.2.6.2 FormationsEvery formation has its own advantages and disadvantages and so, the 
hosenformation is depending on the mission. The di�erent formations 
onsist of theabsolute positions of the single vehi
les. Thats why, they are represented by aset of pla
e ve
tors. The formations 
an be orientated in the spa
e very simpleby rotating the single pla
e ve
tors with the transformation matrix given inequation (2.13) by 
hoosing Θ. Be aware that the rotation should be donein general around the formations 
enter of gravity. The rotation for the i-thevehi
le is given by

p̂ni = Rn
b (Θ) (pni − pncm) + pncm, (6.13)while pncm is given in equation (6.1).
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(f)Figure 6.4: Potential �eldThe �gures are showing the potential �eld of a desired formation of tree vehi
les for onespe
i�
 vehi
le in the plain. The safety radius is rsav = 4. Figures (a)-(f) are showing thepotential �eld in several heights, regarding to the other vehi
les: (a) and (b) in h = ±5, (
)and (d) h = ±1 and (e) and (f) on the same level as the other two vehi
les. Pi
tures (a),(
), (e) are showing the �elds magnitude while (b), (d), (f) are showing the �eld dire
tion.
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Figure 6.5: Cir
ular formationVirtual leader (gray) in the 
enter.6.2.1 Cir
ular formationThe 
lassi
al guard position is to pla
e the vehi
les in a 
ir
le around a spe
i�
point, the position of the virtual leader pvl. The pla
e ve
tor of the i-th vehi
le
ould be 
al
ulated by
pni = pnvl + r





cos (2πi/N)
sin (2πi/N)

0



 . (6.14)
N represents the total number of vehi
les in the formation while the 
ir
lesradius r is depending on rsav. For a 
ir
ular formation the minimal distan
ebetween two vehi
les is given by the 
hord between the positions of to neighborvehi
les. Setting the 
hord to rsav, it is possible to 
al
ulate the 
ir
le's radius
r:

r =
rsav

2 sin(α/2)
. (6.15)While the angle α between the vehi
les is simply given by

α =
2π

N
. (6.16)The formation is visualized in �gure 6.5.
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Figure 6.6: Triangular formationVirtual leader (gray) in the front.6.2.2 Triangular formationFor moving the group from one point to an other, the arrow or triangularformation is very e�e
tive. To 
al
ulate the row in whi
h the i-th vehi
le ispla
ed, the Gauss formula of the summation of numbers is used:
i =

1

2
(l∗ + 1)l∗ =

l∗
∑

a=1

a. (6.17)Rearranging this formula leads to the i-th vehi
le's line in the triangle formation:
l∗(i) = −0.5 +

√
0.25 + 2i. (6.18)Be
ause there are only exa
t lines, the solution l∗(i) needs to be rounded up tothe next integer. What leads to l(i), the line of vehi
le i. The last vehi
le j ofa line k 
ould be 
al
ulated by:

j(k) = (k + 1)
k

2
. (6.19)While the 
urrent position (�rst, se
ond, ...) of vehi
le i in a line is 
al
ulatedby:

m(i) = i− j(l(i) − 1) + 1. (6.20)The distan
e between the vehi
les in the formation is set by the normal �ightdistan
e rsav. Using Pytagoras, the distan
e between two lines is given by
rl =

√

rsav
2 − (rsav/2)2 = rsav

√

3/4. (6.21)



6.3 Simulation results 58With these variables it is possible to 
al
ulate the pla
e ve
tor of vehi
le i in atriangular formation:
pni = pnvl + rsav





− (l(i) − 1) /2 +m(i)

−
√

3/4 (l(i) − 1)
0



 . (6.22)The position of the �rst vehi
le is simply given by the position of the virtualleader. Figure 6.6 visualizes the formations stru
ture.6.2.3 Line formationPSfrag repla
ements rsav

Figure 6.7: Line formationVirtual leader (gray) in the 
enter of gravity.A line formation with the virtual leader in the 
enter of gravity of the line
ould be realized by:
pni = pnvl + rsav





i− (N + 1)/2
0
0



 (6.23)and 
an be seen in �gure 6.7.6.3 Simulation results6.3.1 Point massTo verify the presented formation �ight solution, the algorithm is used togetherwith the model and 
ontroller presented in 
hapter 5. Before this, the approa
hwas tested on point masses 
ontrolled by linear 
ontrollers. This was donebe
ause of short simulation time and due to the fa
t that the derived formation�ight solution is independent of the underlying vehi
le dynami
s. Using thepoint masses, even formations with six vehi
les 
ould be simulated. Equation(3.3) is used for the representation of the point masses with τ as 
ontrol input.To 
ontrol the position, f b
o is set to

f b
o = K1R

b
n(Θ)ėn − K2v

b
o with (6.24)

en = pnref − pn. (6.25)



6.3 Simulation results 59
K1 is set to 6 and K2 to 10. For attitude 
ontrol

mb
o = K3eΘ − K4ėΘ with (6.26)

eΘ = Θref − Θ (6.27)is used. While K3 is set to −1 and K4 to 3.Figure 6.8 shows a simple formation 
hange where the group adopts a tri-angular formation out of a 
ir
le formation. Figure 6.10 shows the result of adi�
ult maneuver and a su

essful 
ollision avoidan
e. Six point masses startin a triangle formation and are advised to adopt a formation where the triangleis rotated around 180◦ (
p. �gure 6.9). The di�
ulty of this exer
ise is that thedire
t way to the new formation leads all vehi
les though the triangles' 
enter.Therefore, a well working 
ollision avoidan
e is needed. The parameter whi
hare used for the presented simulations are printed in table A.3.6.3.2 Simpli�ed modelDue to simulation speed issues, the simulations performed with the simpli�edmodel are redu
ed to groups of three. Figure 6.11 shows an in �ight formation
hange. A group of three heli
opters 
hanges from line to triangle formation.Figure 6.12 shows a well working 
ollision avoidan
e with the simpli�ed model.Three vehi
les start from 
ir
le position and are advised to adopt an other 
ir
leformation, rotated around 180◦. This 
auses the vehi
les to �y dire
tly thoughthe 
ir
le's 
enter what would end in 
ollisions. An appropriate mission forgroups of small s
ale heli
opter UAVs are power line inspe
tions, e.g. in theS
andinavian 
ountries. In �gure 6.13, a group of three heli
opters is headingtoward a power line.As in �gure 6.4, in front of the obsta
le is a zero for
e area whi
h the vehi
lespassed. Due to noisy �ight behavior of the heli
opters, the vehi
les do not stayin this zero potential area and enter a traje
tory whi
h guides them to theirdesired destinations. This holds only if the zero potential area is limited to apoint or a line. If a vehi
le �y, for example, toward a wall this zero potentialarea will be a plane in front of the wall. The vehi
le will be 
aught in thisstable lo
al minimum. An separate strategy must be developed to dete
t and�y around these obsta
le, taking the virtual leader for
e into a

ount. Theparameter whi
h are used for the presented simulations are printed in tableA.4. Nevertheless, above shown situations should be avoided previously.
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Chapter 7Future workUnmanned aerial vehi
les, heli
opter 
ontrol and formation �ight are very in-teresting topi
s whi
h will get even more important in the future. Therefore itis ne
essary to 
ontinue the resear
h in these �elds.Thrust 
al
ulation Due to the fa
t that the iterative 
al
ulation of thethrust is a big disadvantage for heli
opter simulation it is advisable to sear
hfor a 
losed expression. This would lead to faster simulations and would alsosupport the development of nonlinear 
ontrol and the a

ordant proofs.Heli
opter model The presented small s
ale heli
opter model does notin
lude ground e�e
ts whi
h is ne
essary to simulate verti
al take-o� and land-ing. Therefore it 
ould be very interesting to model this important part of a�ight.Nonlinear heli
opter 
ontrol As shown, several approa
hes exist fornonlinear heli
opter 
ontrol but just a few are proved through simulations with
omplete heli
opter models. A working �ight 
ontroller is absolutely ne
essaryfor an UAV and the key to this te
hnology. Therefore, the resear
h should be
ontinued while 
ontroller based neuronal networks seem to be most promising.Verifying of formation 
ontrol To verify the presented formation 
on-trol, it should be use it with other UAVs. Espe
ially with the presented fullmodel of the small-s
ale heli
opter.Obsta
le avoidan
e As shown in 
hapter 6, the presented obsta
le avoid-an
e using potential �elds is under spe
ial 
ir
umstan
es not able to lead thevehi
le around an obsta
le. To provide this feature an intelligen
e is ne
essarywhi
h re
ognizes obsta
le as 
omplete obje
ts and �nds an optimal traje
tory66



67around the obsta
le, for example, taking the virtual leader 
omponent into a
-
ount.In addition, resear
h for se
ure obsta
le and vehi
le re
ognition is ne
essary.Information about all vehi
les in the swarm must be provided and strategies
on
erning lost of information should be found.Disturban
es The presented formation �ight solution is not simulatedwith disturban
es like 
ommuni
ation failure or wind. Nevertheless, these dis-turban
es will o

ur in a real �ight and their in�uen
e should be analyzed.
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Appendix AData
A.1 UAV modelParameter Des
ription
Anomδlon

= 4.2 rad/rad long. 
y
li
 to �ap gain at nominal rpm
amr = 5.5 rad−1 m.r. blade Lift 
urve slope
atr = 5.0 rad−1 t.r. blade lift 
urve slope
Bnom
δlat

= 4.2 rad/rad lateral 
y
li
 to �ap gain at nominal rpm
Cmr
D0

= 0.024 m.r. blade zero lift drag 
oe�
ient
Ctr
D0

= 0.024 t.r. blade zero lift drag 
oe�
ient
Cvf
Lα

= 2.0 rad−1 verti
al �n lift 
urve slopw
Cht
Lα

= 3.0 rad−1 horizontal tail lift 
urve slope
Cmr
Tmax

= 0.0055 m.r. max thrust 
oe�
ient
Ctr
Tmax

= 0.0055 t.r. max thrust 
oe�
ient
cmr = 0.058 m m.r. 
hord
ctr = 0.029 m t.r. 
hord
fj = 0.6 
onvergen
e rate 
oe�
ient
f sq = 9.0 Hz pit
hing resonan
e frequen
y of suspension system
f sr = 9.0 Hz yawing resonan
e frequen
y of suspension system
f ps = 12.5 Hz rolling resonan
e frequen
y of suspension system
g = 9.80665 m/s2 a

eleration due to gravity at sea level
hmr = 0.235 m m.r. hub height above 
enter of gravity
htr = 0.08 m t.r. height above 
enter of gravity
Ixx = 0.18 kg m2 rolling moment of inertia
Iyy = 0.34 kg m2 pit
hing moment of inertia
Izz = 0.28 kg m2 yawing moment of inertia
Iβmr = 0.038 kg m2 m.r. blade �ipping inertia
Ki = 0.02 1/rad inegral governor gain
Kp = 0.01 se
/rad proportionl governor gain71



A.2 Simpli�ed model and 
orresponding 
ontroller 72Parameter Des
ription
Kβ = 54 Nm/rad hub torsional sti�ness
Kµ = 0.2 s
aling of �ap response to speed variation
lht = 0.71 m stabilizer lo
ation behind 
enter of gravity
ltr = 0.91 m t.r. hub lo
ation behind 
enter of gravity
m = 8.2 kg heli
opter mass
nes = 9.0 gear ratio of engine shaft to m.r.
ntr = 4.66 gear ratio of t.r. to m.r.
P idle
eng = 0.0 W engine idle power
Pmax
eng = 2000.0 W engine maximum power
Rmr = 0.775 m m.r. radius
Rtr = 0.13 m t.r. radius
Sht = 0.01 m2 horizontal �n area
Svf = 0.012 m2 e�e
tive verti
al �n area
Sfusx = 0.1 m2 frontal fuselage drag area
Sfusy = 0.22 m2 side fuselage drag area
Sfusz = 0.15 m2 verti
al fuselage drag area
Tmaxmr = 2.5 mg maximum rotor thrust
Vimr = 4.2 m/s m.r. indu
ed velo
ity
γfb = 0.8 stabilizer bar Lo
k number
δtrimr = 0.1 rad t.r. pit
h trim 
oe�
ient
ǫtrvf = 0.2 fra
tion of vert. �n area exposed to t.r. indu
ed vel.
ηw = 0.9 
oe�
ient of non-ideal wake 
ontra
tion
µtrz normal t.r. in�ow 
omponents
µtr in-plane t.r. in�ow 
omponents
ξs = 0.05 damping ratio of the suspension system material
ρ = 1.293 kg/m3 density of air at standart temperature and pressure
τe ≈ 0.1 se
 rotor time 
onstant for �apping motion
Ωnom = 167 rad/se
 nominal m.r. speedTable A.1: Parameter of the heli
opter model

A.2 Simpli�ed model and 
orresponding 
ontrollerParameter Des
ription
c = 1.6 · 10−4 Constant of heli
opter model
cQ,T
M = 52 Constant of heli
opter model

d = 1.2 · 10−3 Constant of heli
opter model
k1 = 0.8 Gain of verti
al 
ontroller



A.3 Formation �ight 73Parameter Des
ription
k2 = 100 Gain of verti
al 
ontroller
k3 = 4.5/Ω2

nom = 1.6135 · 10−4 Gain of engine 
ontroller
k4 = 1/Ω2

nom = 3.5856 · 10−5 Gain of engine 
ontroller
K1 = 0.002 Gain of nested saturation 
ontroller
K2 = 0.4 Gain of nested saturation 
ontroller
K3 = 0.5 Gain of nested saturation 
ontroller
KD = 0.6 Gain of lon./lat. 
ontroller
KTM

= 5.8 · 10−2 Constant of heli
opter model
KTT

= 1 · 10−2 Constant of heli
opter model
KP = 48.4 Gain of lon./lat. 
ontroller
Kψ = 0.8 Gain of lon./lat. 
ontroller
λ1 = 160 Gain of nested saturation 
ontroller
λ2 = 8 Gain of nested saturation 
ontroller
λ3 = 0.4 Gain of nested saturation 
ontrollerTable A.2: Parameter of the simpli�ed UAV

A.3 Formation �ightParameter Des
ription
Fmax = 15 Maximum o�set, added to the 
urrent vehi
les position
Fmin = 1 Minimum distan
e when a position is rea
hed
rsav = 1 Safety radius
Kvl = 1 Virtual leader gain
Kiv = 0.1 Inter vehi
le gain
Kca = 150 
ollision avoidan
e gainTable A.3: Parameter of six point mass formation solution
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Parameter Des
ription
Fmax = 15 Maximum o�set, added to the 
urrent vehi
les position
Fmin = 2 Minimum distan
e when a position is rea
hed
rsav = 11 Safety radius
Kvl = 1 Virtual leader gain
Kiv = 0.1 Inter vehi
le gain
Kca = 165 
ollision avoidan
e gainTable A.4: Parameter of three heli
opter formation solution



Appendix BSDC parameter
Xfus-for
e

Xu
fus = −0.5ρSfus

x V∞(x) (B.1)
∆Xfus = 0.5ρSfus

x V∞(x)uw (B.2)
Ymr-for
e

Y p
mr = −∆Tmr(x,xw, δ

0
col)τe (B.3)

Y v
mr = ∆Tmr(x,xw, δ

0
col)

∂b1
∂µv

1

ΩmrRmr
(B.4)

Y δcol
mr =

∂Tmr(x,xw, δ
0
col)

∂δcol
b1(x,xw, 0) (B.5)

Y δlat
mr = ∆Tmr(x,xw, δ

0
col)A

nom
δlat

(B.6)
∆Ymr = −

(

∆Tmr(x,xw, δ
0
col) +

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

· ∂b1
∂µv

vw
ΩmrRmr

+

(

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

Bnom
δlat

δlat (B.7)
Yfus-for
e

Y v
fus = −0.5ρSfus

y V∞(x) (B.8)
∆Yfus = 0.5ρSfus

y V∞(x)vw (B.9)75
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Ytr-for
e

Y δr
tr = −∂Ttr(x,xw, δ

0
r)

∂δr
(B.10)

∆Ytr = −
(

∆Ttr(x,xw, δ
0
r) +O2

) (B.11)
Yvf -for
e

Y v
vf = −0.5ρSvf

(

Cvf
Lα
V tr
∞ (x) + |vvf(x)|

) (B.12)
Y r
vf = 0.5ρSvf

(

Cvf
Lα
V tr
∞ (x) + |vvf (x)|

)

ltr (B.13)
∆Yvf = −0.5ρSvf

(

Cvf
Lα
V tr
∞ (x) + |vvf (x)|

) (

−vw) − ǫtrvfVitr

) (B.14)
Zmr-for
e

Zδcol
mr = −∂Tmr(x,xw, δ

0
col)

∂δcol
(B.15)

∆Zmr = −
(

∆Tmr(x,xw, δ
0
col) +O2

) (B.16)
Zfus-for
e

Zw
fus = −0.5ρSfus

z V∞(x) (B.17)
∆Zfus = 0.5ρSfus

y V∞(x)(ww − Vimr
) (B.18)

Zht-for
e
Zw
ht = 0.5ρSht

{

Cht
Lα
|(u− uw)| + |wht(x,xw)|

} (B.19)
Zq
ht = 0.5ρSht

{

Cht
Lα
|(u− uw)| + |wht(x,xw)|

}

lht (B.20)
∆Zht = 0.5ρSht

{

Cht
Lα
|(u− uw)| + |wht(x,xw)|

}

(ww −KλVimr
) (B.21)
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Lmr-moment

Lpmr = −
(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

)

τe (B.22)
= −L∗

mrβ
τe (B.23)

Lvmr =
(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

) ∂b1
∂µv

1

ΩmrRmr
(B.24)

= L∗
mrβ

∂b1
∂µv

1

ΩmrRmr

(B.25)
Lδcol
mr =

∂Tmr(x,xw, δ
0
col)

∂δcol
hmrb1(x,xw, 0) (B.26)(B.27)

Lδlat
mr =

(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

)

Bnom
δlat

(B.28)
= L∗

mrβ
Bnom
δlat

(B.29)
∆Lmr = −

(

Kβ +
{

∆Tmr(x,xw, δ
0
col) +O2

}

hmr

) ∂b1
∂µv

vw
ΩmrRmr

+

(

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

Bnom
δlat

δlat (B.30)
Lvf -moment

Lvvf = Y v
vfhtr (B.31)

Lrvf = Y r
vfhtr (B.32)

∆Lvf = ∆Yvfhtr (B.33)
Ltr-moment

Lδrtr = Y δr
tr htr (B.34)

∆Ltr = ∆Ytrhtr (B.35)
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Mmr-moment

M q
mr = −

(

Kβ +

{

Tmr(x,xw, δ
0
col) −

∂Tmr(x,xw, δ
0
col)

∂δcol
δ0
col

}

hmr

)

·τe (B.36)
= −

(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

)

τe (B.37)
= −L∗

mrβ
τe (B.38)

Mu
mr =

(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

) ∂a1

∂µ

1

ΩmrRmr
(B.39)

= L∗
mrβ

∂a1

∂µ

1

ΩmrRmr

(B.40)
Mw

mr =
(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

) ∂a1

∂µz

1

ΩmrRmr
(B.41)

= L∗
mrβ

∂a1

∂µz

1

ΩmrRmr
(B.42)

M δcol
mr =

∂Tmr(x,xw, δ
0
col)

∂δcol
hmra1(x,xw, 0) (B.43)(B.44)

M δlon
mr =

(

Kβ + ∆Tmr(x,xw, δ
0
col)hmr

)

Anom
δlon

(B.45)
= L∗

mrβ
Anom
δlon

(B.46)
∆Mmr = −

(

Kβ +
{

∆Tmr(x,xw, δ
0
col) +O2

}

hmr

)

·
(

∂a1

∂µ

uw
ΩmrRmr

+
∂a1

∂µz

ww
ΩmrRmr

)

+

(

∂Tmr(x,xw, δ
0
col)

∂δcol
δcol +O2

)

Anom
δlon

δlon (B.47)
Mht-moment

Mw
ht = Zw

htlht (B.48)
M q

ht = Zq
htlht (B.49)

∆Mht = ∆Zhtlht (B.50)
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Qe-moment

∆Qe =
Pmax

e

Ωmr

δt (B.51)
Nvf -moment

Nv
vf = −Y v

vf ltr (B.52)
N r
vf = −Y r

vf ltr (B.53)
∆Nvf = −∆Yvfhlr (B.54)

Ntr-moment
N δr
tr = −Y δr

tr ltr (B.55)
∆Ntr = −∆Ytrltr (B.56)
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Abstract—This paper presents a solution for formation flight
and formation reconfiguration of UAVs. The solution is based
on a virtual leader approach, combined with an extended local
potential field. It is verified, using a simplified helicopter model,
simulated in MATLAB TM/SimulinkTM. As necessary for heli-
copters, the potential field approach is realized in 3D including
obstacle and collision avoidance.

I. I NTRODUCTION

UAV technology is a rapidly evolving research area and
came into the focus of the scientific community during the
last years. Beside the abilities to be built in small size, light
wight and operating autonomously, UAVs can also be replaced
at low cost. These qualities make UAVs also interesting for
industrial and military purposes. Possible UAV missions are
autonomous building inspection or search and rescue missions
using video and infra red sensors. This equipment enables
the vehicle to search and localize humans in water, on land,
and even through dust. UAVs have been used for mapping
of hot spots during forest fires [1]. Even agricultural and
crop (coffee, etc.) monitoring has already be done [2]. The
wide field of military applications is easy to imagine. A main
argument for the use of UAVs in combat (UCAV) is to preserve
pilots from high risk or long endurance missions. Applications
are, among others, surveillance and reconnaissance, radio
jamming, artillery acquisition, and target simulation.
Formations of UAVs can distribute the equipment, necessary
for a specific mission, to all vehicles in the swarm and offer
a huge increase of performance and robustness compared to a
single operating vehicle. The two main approaches for forma-
tion control are potential field and leader-follower approaches.
Combinations of those two approaches are often used to build
and move formations because they are very effective, robust
and easy to handle [3], [4].
As UAVs, helicopters are of special interest. They are able
to perform vertical take-offs and landings (VTOL) and to
hover. With these abilities they are able to operate from a
ship, undeveloped, or urban areas. Modeling a helicopter is
challenging because of the different fly modes. Nevertheless,
with [5] and [6] one can find at least two nonlinear models
for full scale helicopters. For UAVs are especially small scale
helicopter interesting. They have a very high thrust to weight
ratio and can perform extreme maneuvers. Furthermore, a
small scale helicopter UAV could be used inside a building.
Mathematical models for small scale helicopter are presented
by [7], [8] and [9], who derived a complete and very detailed

model of a modifiedX-Cell 60 hobby helicopter.
Control of a helicopter is challenging because of coupling and
the different fly modes. A classical control approach is based
on a cascade approach, controlling the attitude in the innerand
the lateral and longitudinal movement in the outer loop [10].
Other approaches are based on solving the state dependent
Riccati equation [11] or neural networks [12].
This paper presents a virtual leader formation approach com-
bined with an extended version of the potential field solution
presented in [4] and [3]. The approach is applied to a formation
of helicopter UAVs prsented in [10], providing obstacle and
collision avoidance. The algorithm provides maximum speed
in the sense of the vehicles speed. To the authors knowledge,
this approach has not previously been applied on helicopter
UAVs. However, a two dimensional approach for marine
vehicles is presented in [3] while [4] presents a solution for
tricycles. Other formation flight approaches, focusing on fixed
wing aircrafts, can be found in [13]–[15], or [16].

II. M ODEL

The helicopter is modeled as a rigid body. The north-east-
down (NED) inertial frame with positionpn and attitudeΘ
(Euler angles) and a body fixed coordinate frame with body
fixed velocitiesvob and body fixed angular velocitiesωb

nb are
used.

Body frame: ν




















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
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u
v
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NED frame: η




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
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


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





φ
θ
ψ

ν andη are, together with the main rotor speedΩmr and the
blade flapping anglesa1 andb1 the statesx of the helicopter:

x =
[

νT ηT a1 b1 Ωmr
]T
. (1)
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The kinematic equation for a six degree of freedom vehicle is
given by [17]

η̇ =

[

Rn
b (Θ) 03×3

03×3 TΘ(Θ)

]

ν, (2)

using the rotation matrix

R
n
b (Θ)=









cψcθ cψsθsφ − sψcφ sψsφ + cψcφsθ
sψcθ cψcφ + sφsθsψ sθsψcφ − cψsφ
−sθ cθsφ cθcφ









, (3)

and the kinematic transformation matrix

TΘ(Θ) =





1 sφtθ cφtθ
0 cφ −sφ
0 sφ/cθ cφ/cθ



 , (4)

with s· ≡ sin(·), c· ≡ cos(·), andt· ≡ tan(·).
To control the lift and flight direction of a helicopter, it is
possible to rotate the main rotor blades. One gets a similar
effect, as using the flaps and ailerons by a fixed-wing aircraft.
It is possible to rotate all blades at the same time (collective) or
induce an angle depending on the position of the blade. Doing
this, the blade angle performs a sinusoidal movement (cyclic)
during one round. The collective setting is used to control the
altitude while the cyclic setting controls the attitude andso
the flight in a specific direction.
The control inputs of the presented model are equal to those
a pilot uses:

u =
[

δcol δlon δlat δr δt
]T
. (5)

δcol is the collective control input for the collective pitch of the
main rotor blades given in rad as all angular in the article.δlon
andδlat are the cyclic control inputs giving the explicit pitch in
longitudinal (u) and lateral (v) direction.δr is the collective
pitch for the tail rotor, where no cyclic pitch is necessary.
Finally δt is the engine control input to keep the rotor speed
constant and varies between0 and1.
The components responsible for the helicopter’s flight charac-
teristics may be seen in Fig. 1.

main rotor (mr)

center of gravity (c.g.)

fuselage (fus)

horizontal tail (ht)
tail rotor (tr)

vertical fin
(vf)

Fig. 1. Helicopter components

A. Rigid body dynamics

The equations of motion will be presented following [17]:

MRB ν̇ + CRB(ν)ν = τ (u). (6)

Here,MRB is the system inertia matrix,CRB(ν) the coriolis-
centripetal matrix, andτ a vector of forces and moments

caused by aerodynamics, gravity and engine.
MRB has a very simple form because the cross-axis moments
of inertia can be neglected due to the fact that the origin of the
body frame is placed in the helicopter’s center of gravity while
rotational symmetry is assumed. Doing so,MRB is given by:

MRB =

[

mI3×3 03×3

03×3 I0

]

. (7)

Here,I3×3 is a unity matrix,I0 the system inertia matrix and
m the mass of the helicopter.CRB can be realized in different
ways. In [17] Kirchoff’s equations were used to derive an
explicit expression. While

MRB = MT
RB =

[

M11 03×3

03×3 M22

]

(8)

holds,CRB can be build up from the elements ofMRB:

CRB(ν) =

[

03×3 −S(M11ν1)
−S(M11ν1) −S(M22ν2)

]

(9)

using the vector cross product operatorS(·), defined as

λ × a := S(λ)a, (10)

whereλ, a ∈ R
3 andS(·) is defined as

S(λ) = −S(λ)T =





0 −λ3 λ2

λ3 0 −λ1

−λ2 λ1 0



 . (11)

B. Forces and moments

A complex model of a small scale helicopter is presented
in [9] including all parameter values. The modeled forces and

momentsτ =
[

f bo
T

mb
o

T
]T

of the small-scale helicopter
are

f bo =





Xmr +Xfus

Ymr + Yfus + Ytr + Yvf
Zmr + Zfus + Zht



+ f bg , (12)

mb
o =





Lmr + Lvf + Ltr
Mmr +Mht

−Qe +Nvf +Ntr



 . (13)

The used indexes can be found in Fig. 1.f bg is the force caused
by gravity decomposed in the body frame:

f bg = Rn
b (Θ)T





0
0

mg



 . (14)

The main rotor forces dominate the vertical, pitch and roll
dynamics, while the tail rotor dominates the yaw dynamic.
The main rotor forces and moments are caused by the thrust
Tmr which depends on the inflow. The inflow depends on
the thrust. Because of that, an iterative approach is necessary.
Almost all components are depending on the main rotor down
wash. Consequently, the equations are coupled. Control is also
complicated because of coupling between the control inputs.
Because of those issues, the full model of the small-scale
helicopter is difficult to control and to simulate.
As our formation control approach is independent of the
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underlying dynamics, we choose to instead use a simplified
model, presented by [10], for the simulation. Using this model,
the forces in the equations of motion change to:

f bo =





0
0

Zmr



+ f bg , (15)

mb
o =





Lmr
Mmr

Nmr



+





Ymrhmr + Ytrhmr

−Xmrhmr

−Ytrltr



 . (16)

The forces and moments in (15) and (16) are modeled in [10]
as follows:

Xmr = −Tmrδlon, (17)

Ymr = −Tmrδlat, (18)

Zmr = −Tmr, (19)

Ytr = −Ttr, (20)

Lmr = cQ,T
M δlat −

Pmaxδt
Ωmr

δlon, (21)

Mmr = cQ,T
M δlon +

Pmaxδt
Ωmr

δlat, and (22)

Nmr = −Pmaxδt
Ωmr

. (23)

The thrustsTmr andTtr are linearized in [10]:

Tmr = KTM
Ω2
mrδcol and (24)

Ttr = KTT
Ω2
mrδr. (25)

The engine dynamic is given by

Ω̇mr =
1

Irot
(Qe −Qmr) . (26)

The engine torqueQe is modeled by

Qe =
Pmax

e δt
Ωmr

. (27)

The torqueQmr, caused by the aerodynamic resistance of the
rotor, is modeled as

Qmr =
(

c + dδ2col
)

Ω2
mr. (28)

The values of the constants are given in [10]. Fuselage, vertical
fin and horizontal tail are not modeled. The main rotor force in
u direction is neglected due to the fact that the longitudinaland
lateral movement of a helicopter is dominated by the vehicle
attitude. It is assumed thatYmr + Ytr = 0.
The controller used with the model is based on a vertical con-
troller and a cascade controller. The cascade controller controls
the attitude in the inner loop and finally the longitudinal and
lateral movement in the outer loop. All necessary parameter
are included in [10].

III. F ORMATION CONTROL

The approach presented in the following generates trajec-
tories depending on the interaction of the swarm, the desired
position and formation. It is a combination of virtual leader
and potential field approach. A movement of the virtual leader

results in a deflection from the desired position and causes
the affected vehicles to correct their positions. To control the
movement of single vehicles, a potential field is used. Taking
the distributed positions and distances into account one can
derive a place dependent potential field for each vehicle. This
field is finally used for obstacle and collision avoidance. A
specific position can be assigned to a specific vehicle in the
formation. We give an overview on vehicle’s system in Fig. 2.
The advantage of the approach, we present in the following,
compared to other approaches is the application of a potential
field formation control in three dimensions. In addition, a
continuous field and thus a continuous trajectory for each
vehicle is guaranteed, while providing obstacle and collision
avoidance. The algorithms creates a vector which we use to
guide the single vehicles. Finally, it provides maximum vehicle
speed.

Potential
field
generation

Trajectory
generation

Helicopter
controller

Helicopter
Ftot

i
xr u

x

Fig. 2. Vehicle block diagram

The potential field of each vehicle depends on the virtual
leader, the other vehicles of the swarm, and on possible
collisions, or obstacles.

A. Virtual leader

The virtual leader is the anchor of each formation and con-
trols the formation movement. Depending on the underlying
control system its trajectory can either be given as waypoints
or as continuous trajectory.
The virtual leader’s part of the local time dependent potential
field is:

Fvl = Kvl

(

pnvl − pni −
[

pnvl − pni0

])

(29)

= Kvl (di − di0) (30)

Kvl is the virtual leader gain which needs to be tuned. The
meaning of the variables is explained by Fig. 3.

B. Inter vehicle influence

The influence of the other vehicles to the potential field is
expressed by:

Fij = Kij

(

pnj − pni −
[

pnj0 − pni0

])

(31)

= Kij (dij − dij0) (32)

Similar to equations (29) and (30),rj is the position vector
for vehiclej andpnj0 is the position vector pointing to vehicle
j’s place in the formation.Kij is the inter vehicle gain which
needs to be tuned. This leads for vehiclei to the total amount
of

Ftotij =

N
∑

j=1

Fij(i, j). (33)

The ratio ofKvl andKij decides if the vehicles fly primary to
the next waypoint or adopt primary their new formation.
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pn

vl

pn
i

pn
i0

di0

di

Fig. 3. Vector definitions for formation flight;pn
vl

: position vector of virtual
leader;pn

i : current position vector of vehiclei; pn
i0

: position vector of vehicle
i’s place in the formation

C. Collision and obstacle avoidance

To avoid collision between the vehicles or obstacles a safety
space around each vehicle is defined. This space is also used
to build up formations. Because of simplicity this area is
defined as a sphere with positive radiusrsav. Other shapes like
ellipsoids or even more complex, are also possible, to cover
the shape of the vehicle in a better way if necessary. Tests have
been performed, using an ellipsoid space. By adding a small
pitch angle to the ellipsoid, the vehicle should be supported in
going up or down while avoiding a collision. This should be
realized using the surface of the sphere as a reflection surface
like a mirror. Fig. 4 clarifies the idea. Nevertheless, usingthe

Fca

Fig. 4. Ellipsoid used for collision and obstacle avoidance

simplified model, the additional calculation costs do not justify
the advantage in compare to the sphere. If something enters
this sphere an additional field component, pointing away from
the invading vehicle or obstacle comes up. To ensure collision
avoidance the additional component converges to infinity in
the center of the sphere. The additional field component for
vehiclei whose safety sphere is invaded by vehiclej is defined
by

Fijca =

{ (

Kca

||dji||+ǫ
− Kca

rsav

)

dji

||dji||
for ||dji||<rsav

0 otherwise
,(34)

with 0 < ǫ << 1 to avoid singularities and using the vector
2-norm. The vector 2-norm||·||2 of a vectorx ∈ R

n is defined
as

||x||2 :=
√

x2
1 + x2

2 + · · · + x2
n. (35)

In the rest of this work, if not specified, the expression|| · ||
refers to the 2-norm. Furthermoredji = pni − pnj . The term
Kca/rsav is granting a continuous potential field. Again,Kca

is a gain which needs to be tuned. The total amount of the
collision avoidance term is given by:

Ftotca =

N
∑

j=1

Fijca for i 6= j. (36)

Equation (34) can be expanded on every object. Modeling
obstacles as a set of points, compared to the knots in a grid,
each point can be treated like the vehicles of the swarm.
Equation (34) and (36) change to

Fikoa =

{ (

Koa

||dji||
− Koa

rsav

)

dki

||dki||
for ||dki|| < rsav

0 otherwise
,(37)

Ftotoa =

M
∑

j=1

Fikoa for i 6= j. (38)

Here,dji represents one of theM place vectors which model
a detected obstacle. The distance between the place vectors
should not be larger thanrsav/2 to provide a complete obstacle
recognition for the avoidance. To increase the performance,
rsav can be chosen dynamically, depending on the vehicle’s
velocity:

rsav = rmin
sav + Ksav||ṗn||. (39)

D. Potential field

Summation of field components gives magnitude and direc-
tion of the potential field for vehiclei at its current position.

Ftot∗i = Fvl + Ftotij + Ftotca + +Ftotoa (40)

The field is continuous and singularity free. It is reasonable
to define a maximum amplitude for the force vector while
keeping its direction:

Ftoti =

{

Ftot∗i for ||Ftot∗i || < Fmax

Fmax
F

tot∗
i

||Ftot∗
i

||
otherwise

. (41)

Fmax will be the upper limit of the field’s strength and
therefore a limitation for the vehicle’s speed. To use the
whole speed bandwidth,Fmax must be chosen dynamically.
This can be realized by adding the amount of the vehicle’s
NED velocity ||ṗn|| to Fmax. As long as the vehicle is
accelerating, the distance to the vehicle’s reference position
will also increase. This keeps the vehicle accelerating until
the maximal velocity is reached.

F ∗
max = Fmax + Kv||ṗn|| (42)

Fig. 5 is showing a computed potential field for a specific
vehicle interacting with two other vehicles.
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Fig. 5. (a) Potential field magnitude (b) Potential field direction

Following [10], the output of the trajectory generation
in Fig. 2, which is used by the controller to calculate the
helicopter’s control inputs, is given by

pni,r = pni + Ftoti . (43)

The attitude reference is than calculated by

anr = p̈ni,r −





0
0
g



 , (44)

n =





nx
ny
nz



 =
anr

||anr ||
, (45)

θr = atan2(−sψr
ny + cψr

nx, nz) , and (46)

φr = atan2(−cθr
sφr

nx + cθr
cψr

ny,−nz) . (47)

g is the gravity constant andψr part of the formation descrip-
tion. We calculateνr using equation (2).
On Fig. 5 can a local minimum in the field’s magnitude be
noticed. This is because of the opposing virtual leader and
collision avoidance force. Due to noise, the vehicles will not
be caught in this minimum because it is not a stable minimum
as the the desired position.

E. Stability

It is advisable to limit the virtual leader influence, due to the
fact that a waypoint can be far away from the actual position,
equation (29) respectively (30) can become large because of
a largedi. This would result in a domination of the virtual
leader part in the potential field and could constrict an effective
collision or obstacle avoidance.
Stability of the overall formation system is guaranteed if the
generated trajetories are feasible for the underlying control
system. Therefore the gains need to be tuned. We give starting
assumption in the following:

Kij = Kvl/N, (48)

Kca = 10 Kvl rsav, (49)

whereN is the number of vehicles in the group. Due to the
fact, that the controller in Fig. 2 normally takes the reference
velocity into account,Ftot∗i should be chosen as the distance,
the vehicle needs to perform a stop from full speed.
Using the distancesdi0 and dij0 in (30) and (32) increases
the robustness of the algorithm. These distances need to be
submitted to the vehicles once while following the virtual
leader. A continuous calculation and update of the positionof
each vehicle in the formation, while the formation is moving,
is not necessary.

IV. SIMULATION RESULTS

Fig. 6 shows an in flight formation change. A group of three
helicopters changes from line to triangle formation.
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Fig. 6. Formation reconfiguration

Fig. 7 shows a well working collision avoidance with the
simplified helicopter model. Three vehicles start from circle
position and are advised to adopt an other circle formation,
rotated around 180ř. This causes the vehicles to fly directly
though the circle’s center what would result in collisions if the
collision avoidance term would not be present.

An appropriate mission for groups of small scale helicopter
UAVs are power line inspections, e.g. in the Scandinavian
countries. In Fig. 8, a group of three helicopters is heading
toward a power line.
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Fig. 7. Collision avoidance
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Fig. 8. Obstacle avoidance

As in Fig. 5, in front of the obstacle is a zero force area
which the vehicles passed. The parameter which are used for
the presented simulations are printed in table I.

Parameter Description
Fmax = 15 Maximum field strength
rsav = 11 Safety radius
Kvl = 1 Virtual leader gain
Kiv = 0.1 Inter vehicle gain
Kca = 165 collision avoidance gain

TABLE I
POTENTIAL FIELD PARAMETER

V. CONCLUSION

In this paper, we have presented a solution for collision and
obstacle free formation flight and reconfiguration of groups
of autonomous helicopters. The solution is based on potential
fields using a virtual leader and taking the vehicle’s velocities
into account. The solution is universal applicable using the
vehicle’s auto pilot. The formation flight solution works very
well with the presented simplified helicopter model. Future
work should concentrate on validation with the complete
model and other vertical take-off and landing (VTOL) UAVs.
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