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ABSTRACT

In this paper we present two PID+ solutions to the prob-
lem of relative translational and rotational tracking in a
leader-follower spacecraft formation, based on the con-
cept of integrator backstepping. By using an integrator
augmentation technique, we include integral action in the
controllers to account for unknown orbital perturbations.
Two methods for including integral action in the control
loop are presented, and the equilibrium points in the two
closed-loop systems are proved to be uniformly exponen-
tially stable and uniformly asymptotically stable, respec
tively. Finally, simulation results are presented to show
the controller performance.

Key words: Spacecraft formation; integrator backstep-
ping; PID+ control.

1. INTRODUCTION

Synchronization, coordination and cooperative control
are new and promising trends within mechanical systems
technology. Replacing complex single units with sev-
eral simpler and less expensive agents makes it possible
to achieve larger operational areas with greater flexibil-
ity and performance. In the space industry, the concept
makes way for new and better applications, such as im-
proved monitoring of the Earth and its surrounding atmo-

sphere, geodesy, deep-space imaging and exploration and

even in-orbit spacecraft servicing and maintenance.

Synchronized control of relative attitude in spacecraft
formations has received increased attention over the last
years. State feedback tracking control laws for relative
position and attitude were developed in [1, 2], and these
solutions were proved to result in exponentially stable
equilibrium points in the closed loop system. These latter
results were however based on an assumption of known
orbital perturbations, which is seldom the case. In [3],
a nonlinear tracking controller for both relative position
and attitude was presented, including an adaptation law to
account for unknown mass and inertia parameters of the

spacecraft. The controller ensures global asymptotic con-
vergence of position and velocity errors, and the stability
result was proved using a Lyapunov framework and stan-
dard signal-chasing arguments. Semiglobal asymptotic
convergence of relative position and attitude errors was
proved in [4] for an adaptive output feedback controller
using relative position only, tracing the steps of [3].

In this paper, we present two PID+ tracking controllers
for relative translation and rotation in a leader-follower
spacecraft formation, derived using integrator backstep-
ping. The controllers are extensions of earlier works in
[5] on relative attitude control, where the equilibrium
points in the closed-loop system were proved to be uni-
formly asymptotically stable (UAS) based on an assump-
tion of known orbital perturbations. In this paper, we
extend the solution to both relative translation and ro-
tation, and relax the latter assumption to unknown, but
constant, perturbations. By using an integrator augmen-
tation techniquedf. [6]), we include integral action in
the controllers to account for the unknown orbital pertur-
bations. The difference between the controllers are the
inclusion point of the integral action. The first controller
renders the equilibrium points in the closed-loop system
UES, but requires measurement of relative acceleration,
while the second controller results in UAS equilibrium
points, without this requirement.

The rest of the paper is organized as follows: Section 2
defines the different reference frames used and presents
the mathematical models of relative attitude dynamics
and kinematics in a leader-follower spacecraft formation.
The controller design is performed in Section 3, and sim-
ulation results for the derived controllers are presemed i
Section 4. Concluding remarks are given in Section 5.

2. MODELLING

In the following, we denote by the time derivative of

a vectorx, i.e. x = dx/dt. MoreoverX = d°x/dt?>. We
denote byj|-|| the Euclidian norm of a vector and the in-
ducedz, norm of a matrix. Coordinate reference frames
are denoted by, and in particular, the standard Earth-



centered inertial (ECI) frame is denotggl We denote
by «f , the angular velocity off, relative to 7y, refer-

enced infF¢. Matrices representing rotation or coordinate
transformation betweern, and#y, are denoteﬁzg. When
the context is sufficiently explicit, we may omit to write
arguments of a function, vector or matrix.

2.1. Cartesian coordinate frames

To form the basis of our relative attitude model, we
use the standard definition of the Earth-Centered Inertial
(ECI) frame 7;, with z axis towards celestial north. In
addition, we employ a standard LVLH-definition of the
leader orbit reference framg, with unit vectors defined

as
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wherer, is the vector from the center of the Earth to the
leader spacecrafty = r| x r| is the angular momentum
vector of the leader orbit, arfu= |h|. Moreover, we de-
fine a follower orbit reference framgs with origin spec-

ified by the relative orbit position vector

)

and with unit vectors aligned with the unit vectorssinat

all times. We also define leader and follower body frames
Fib andF ¢ respectively, with origin in the corresponding
centers of mass and axes fixed to the spacecraft body.

P="rf—r=Xe+Yyeo+2en

The rotation matrix describing rotations from an orbit
frame 75 to a body framerg, can be described by

RSP = [c; p 3] = 14+2nS(g) 4 25 (¢) (3)
where the superscript/subscrgis used in general to de-
note the spacecraft in question,se I, f for the leader
and follower spacecraft, respectively. The elemenése
directional cosine vectors,

a=[n €' ]", n?+efe=1 (4)

are the Euler parameters, and the ma#{x) = €x is the
cross product operator. The inverse rotation is given by

the complex conjugate af asq = gr], - sT]T, and the

guaternion product is defined as (cf. [7])
qG1® Q2= Min2 €] & (5)
N1€2+N2€1+ S(€1) €2

2.2. Reativetrandation

From the fundamental differential equation of the two-
body problem ¢f. [8]), the nonlinear position dynamics
can be represented jp on the form €f. [9, 10])

MgV + Ci (V) V+ Di(V,V, 1) p+ne(ry,re) = Fa+Fg (6)

wherev = p, v is the true anomaly of the leader space-
craft,Lis a constant of gravity,
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is a skew-symmetric Coriolis-like matrix,
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may be viewed as a time-varying potential force, and

O]T.

The composite perturbation forég and the relative con-
trol forceF5 are given by
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Fa = far — Hfdl Fa=far — Hfal (10)
wherefy),fqs € R3 are the perturbation terms due to ex-

ternal effects anfl,fas € R® are the actuator inputs.

2.3. Relativerotation

From the standard kinematics and dynamical relations of
a spacecraft in orbitcf. [8]), we obtain by using the
guaternion product that the relative attitude kinematics
can be expressed as.([10])

: fb fb_ b

q=T(Qw, w=0;—Rpwj
whereq = gr ® i andw is the relative angular velocity
between the leader and the follower spacecraft. More-
over, the relative attitude dynamics can be written

(12)

(11)

Ji®w+ Cr (W) w+np (W) =Yg+ Ya

wherel;, Js are the leader and follower moments of iner-
tia

b b
Cr(w) = JfS(Rm U’!?b) +S(R|b U’!?b) Ji
~5(3r [0+ Ry )
is a skew-symmetric matrixG, (w) € SS3),
b fb
ne (W) = S(Rlb U%l,tfb)Jf R 615,

~JRPI 'S (wlﬁb) Jdffy

(13)

(14)

is a nonlinear term, and

fb fbi— fb fb -
Ya=Tg — IR, I I, Ya=1,7—JfR, I 1l (15)
are the relative perturbation torques and relative actuato

torques, respectively.



2.4. Total model

To write the total 6DOF model of relative translation and
rotation in the spacecraft formation, we define the state
vectors

X1 = [pT qT}T and Xo:= [VT mT}T (16)

Based on (6) and (12), the total model of the relative
translational and rotational motion between the leader
and the follower spacecraft can now be expressed

5(1 =A (Xl) X2 (17)

|\/|fX2+C(V,w)X2+D(V,V,Ff)X1 (18)
+n(wr,ri) =U+W

whereM ¢ = diag{m!, J¢}, A(x1) = diag{l, T(q)} is

the coupling term between the first and second order dy-
namics,

C(v,0) =diag{Ct (v), Cr (w)} (19)

D (V,V,r¢)x1 = diag{D; (V,V,r¢), 0} (20)
T

n(@nr)=[n (mro). ol @] @)

are the collections of (7)-(9) and (13)-(14), and finally
T T
u=[F.vi]  ad w=[FlYi|] @2
contains the relative input forces and orbital perturba-
tions, respectively.

3. CONTROLLER DESIGN

Having established the 6DOF mathematical model of
relative motion in a leader-follower formation, we now
present a solution to the control problem.

3.1. Problem statement

The control problem is to design a controller that makes
the statex; converge to a time-varying smooth trajectory
Xg (t). The desired trajectory can be specified as

=) B0 | xe=] 00| @
so that
Xd1 = A (Xd1) Xd2- (24)

The relative translation error is defined s= p — pq,

-
the relative rotation errajj = [ﬁ éT} is given from the
quaternion produdj = q®qq, and analogues to (11) we
may represent the rotation error kinematics as

A=T(@® (25)

Note that, due to the redundancy in the quaternion rep-
resentation, we have thgtand —g represents the same
physical orientation, however one is rotatgdr2lative to

the other about an arbitrary axis. Accordingly, we have
two equilibrium points in the closed-loop system, namely
dr = [1, OT]T andg_ = [-1,07] . The choice of equi-
librium point for a given initial condition should aim at
minimizing the path length for the desired rotation, and
this can be ensured by choosing the equilibrium point cor-
responding to the sign @fin the initial condition. Hence,
we choosdj. if fj > 0, andd_ otherwise. We define the
position/attitude error as

€1+ 1= [f)a 1q:ﬁa E] (26)

for the positive equilibrium point0, §) and negative
equilibrium point(0, §_), respectively. We also define
the relative angular velocity error as

.
af]

with ¥ = v — vq and® = w— wy, and in accordance with
(17) and (24) we have

€ 1= X2 —Xd2 = [VT, (27)

err =Ne(&11) & (28)
with
| 0
Ne(ews) = | ;[ HE } (29)
2| Nl +S(§)

for e, ande;_, respectively.

Note that, for both cased)] Ae = Ae = diag{l, 1/4},
which can be shown by direct calculation and using
S(E)" = —S(§), S(&)" S(§) =&"8l — & and (4). Note

;
also that\} (e+) ey = [ﬁT iéT}

When nothing else is explicitly mentioned, we assume
that the leader spacecraft is perfectly controlled in its
orbit, so thatt!® = —tlf andfy = —faq. Accordingly,

we have tha = ur = [f/;, (11)7]T andW = ws =

fb ar
e (Tap) 11"

3.2. PID+ controller |

Theorem 1 Assuming that the orbital perturbations

we = [fl;, ()77 working on the follower space-

craft are constant, and that the desired relative posi-
tion/attitudexq; (t), desired relative velocity/angular ve-
locity x4z (t) and desired relative acceleration/angular
accelerationxg (t) are all bounded functions, the dual
equilibrium points(e;+, &) = (0,0) of the system (17)-
(18), in closed loop with the control law

U =CXo+DX1+nN+MiXgp +M01 — Kpzo — 71

(30)
Glz—Klzl—Zo—/\;rel+do (31)
oo =—Kpozo (32)



wherezg = Al er, z2 = Al e —ap andz, = e — oy are
auxiliary state variables, ando =Kj > 0,K1 =K] >
OandK, = Kg > 0 are feedback gain matrices, are uni-
formly exponentially stable (UES).

Sketch of proof:

The controller structure in (30)-(32) is designed using in-
tegrator backstepping, and closing the loop of (17)-(18)
leaves the auxiliary system dynamics

20=—Kozo+21 (33)
21=—Kiz1—20+ 2 (34)
MszZ—KzZz—Zl. (35)

The integral action is included in the controller by aug-
mentation of the auxiliary state variables with= /\gel,

and the proof of the stability properties of the dual equi-
librium points are performed in two steps. For the first
step, assume that no orbital perturbations are working on
the follower spacecraft, such that = 0. For this case,
using the radially unbounded, positive definite Lyapunov
functions

1
Vi=VW+ —ZIZ;]_

1
VOZ—ZEI)—ZO >

2
1+
Vo=V + EZZ M ¢z

(36)
(37)
with the corresponding Lyapunov function derivative

(38)

we find from standard Lyapunov theorems that the dual
equilibrium points(zg,z1,22) = (0,0,0) of the closed-
loop auxiliary system (33)-(35) are uniformly exponen-
tially stable (UES). This analysis holds for both equilib-
rium points, and using the relations between the original
system and the auxiliary system, it then follows that the
dual equilibrium pointge;+,e;) = (0,0) are also UES.
For the second part of the proof, we relax our assump-
tions on the follower orbital perturbations to be constant.
The controller structure in (30)-(32) will then result ireth
closed-loop system (error dynamics) given by (33), (34)
and

Vz =— ZgK()Zo — ZIK]_Z;]_ — Zngzz

M¢2zo = — Koz — 71 + Wy (39)

and by analyzing the steady state behavior of the auxiliary
system dynamics, we find that the dual equilibrium points
(e1+,e2) = (0,0) are still UES, but the auxiliary closed-
loop z-system will converge to the non-zero equilibrium
points of the error dynamics.

3.3. PID+ controller |1

Theorem 2 Assuming that the orbital perturbations

we = [fl;, (t¥®)T]T working on the follower space-

craft are constant, and that the desired relative posi-
tion/attitudexq; (t), desired relative velocity/angular ve-
locity xg2(t) and desired relative acceleration/angular

accelerationxg (t) are all bounded functions, the dual
equilibrium points(e;+,e) = (0,0) of the system (17)-
(18), in closed loop with the control law

Ui =CXo+Dx1+n+MiXgo+Ms0q — KzZz—/\eTZ;L
(40)

CXl:—Kll\gzl—KoZo (41)
wherezg = /\gel, z1 = €1 andz, = e, — aj are auxiliary
state variables, an&o = K} > 0, K1 = K] > 0 and
K2 =KJ > 0 are feedback gain matrices, are uniformly
asymptotically stable (UAS).

Sketch of proof:
The controller structure in (40)-(41) is designed using in-

tegrator backstepping, and closing the loop of (17)-(18)
leaves the auxiliary system dynamics

=Nz (42)
71 =—NeK 1/\,3T 71 — NeKoZg + Nez2 (43)
Mtz =—Kozo— Nl 271 (44)

As in Theorem 1, the integral action is included in the
controller by augmentation of the auxiliary state variable
with zg = A/ e;, and the proof of the stability properties
of the dual equilibrium points are performed in two steps.
For the first step, assume that no orbital perturbations are
working on the follower spacecraft, such thgt= 0. For

this case, using the radially unbounded, positive definite
Lyapunov functions

1 1

Vi = Ezg Kozo+ ézIzl (45)
1

Vo =V + Ezglvl 22 (46)

we end up with the corresponding Lyapunov function
derivative

Vo = — 2] AeK1AL 21 — 23 K225 (47)
By further defining the auxiliary function
W (z) =z{A\eza (48)
we obtain that
W= _Ezg/\g AeKoZo (49)

2

in the setE : {V, =0} = {/\eTzl =0,z = 0}. More-

over, since Al A\e = diag{4l,1}, we have that

- 1
W) = Zkolzol” (50)
Thus, all the conditions in Matrosovs theorem and the ac-
companying Lemma 2 in [11] are satisfied, so it follows
that the dual equilibrium point&y, z1,22) = (0,0,0) of
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Figure 1. PID 1: Relative translation, rotation and powel
consumption in the settling phase.

the closed-loop auxiliary system (42)-(44) are uniformly
asymptotically stable (UAS). This analysis holds for both
equilibrium points, and using the relations between the
original system and the auxiliary system, it then follows
that the dual equilibrium point®;.,e2) = (0,0) are also
UAS. For the second part of the proof, we follow the
same approach as in the proof of Theorem 1 to show that
constant orbital perturbations does not affect the stgbili
properties.

Remark 3 Note that the even though Theorems 1 and
2 are stated for constant perturbations, the results also
hold for slowly-varying perturbations as long as the in-
tegral action is faster than the variation of perturbation.
We stress this point since the external perturbations in
space can be expected to be slowly varying.

4. SIMULATIONS

In this section, simulation results are presented to illus-
trate the performance of the presented control law. In
the simulations, the orbital perturbations are SG[&EO:
[-15, —25, 0.011-102 andfqs = [-137, 1, 1]-
10°3. Both the leader and the follower spacecraft
have masses 100 kg, and moments of inertia given as
| =diag{ 4.350 43370 36640} kgn?. The leader
spacecraft is assumed to follow an equatorial orbit with a
perigee altitude of 250 km and eccentriogty= 0.3. The
follower spacecraft is assumed to have available contin-
uous actuation in/about all body axes, with a maximum
force and torque of 1 N andDNm, respectively, and the
controller gainK o = K2 = 0.1l andK; = 20l have been
used.

The initial relative positions and attitudes are standstil
at [0, —10, 0] m and[-75°, — 175, 7(°], respec-
tively. The latter corresponds to the quaternion values
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Figure 2. PID 1: Relative position, attitude and corre-
sponding error integrals over one orbit.

[-0.3772 —0.4329 0.6645 0.4783. The follower
spacecraftis commanded to follow smooth sinusoidal tra-
jectories around the origin with velocity and angular ve-
locity profiles

Vi(t) = [10co Sin(Cof), 20co CO$2Cot), —15¢0 Sin(3coh)] -
.
wy(t) = | —CoSiN2¢,t), gco sin(4cyt), gco Sin(2c,t)

wherecg = T—’Z is a leader orbital period constant.

41. Reaults

The simulation results for a leader-follower spacecraftin
corporating the controller in Theorem 1 is shown in Fig-
ures 1-2, where the former figure shows the convergence
of relative translation and rotation to the desired traject
ries, while the latter shows convergence of the same over
one orbit together with error integrals, both with constant
orbital perturbations working on the follower. The re-
sults in Figure 1 indicate that both relative translation
and relative rotation state errors converge exponentially
towards zero within 200 seconds, however with a signif-
icant initial overshoot. In addition, Figure 2 shows the
integral action in the control loop, and the error integrals
are also seen to converge. The initial overshoot is prob-
ably caused by the increased magnitude of control effort
as a result of the added integral action, leading to stiff-
ness in the controller. This is also indicated by the ve-
locity profiles, revealing that the actuator force limit was
reached. The power consumption for the given maneuver
is 559785 W and 5189 W for relative translation and ro-
tation; it should however be noted that the perturbations
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Figure 3. PID 2: Relative translation, rotation and powel
consumption in the settling phase.

in the simulations were approximately ten times larger
than expected valuegns| < 1-1073N).

Similar results for a spacecraft formation incorporating
the controllerin Theorem 2 are shown in Figures 3-4. The
results indicate that this controller gives a significantly
better initial convergence with less overshoot, although
with an increased settling time for the relative rotation.
This is also reflected in the power consumption, with a
total of 407238 W and 4267 W for relative translation
and rotation, respectively. On the other hand, the results
show a slower convergence of the error integrals.

5. CONCLUSION

We have presented two PID+ tracking controllers for rel-
ative translation and rotation in a leader-follower space-
craft formation. The results are derived using integra-
tor backstepping, and rest on an assumption of constant,
but unknown, orbital perturbations. By using an integra-
tor augmentation technique, we included integral action
in the controllers to withstand unknown orbital perturba-
tions. The equilibrium points in the closed-loop system
were proved UES and UAS for the respective controllers.
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