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Quaternion-Based Backstepping Control of Relative Attitude in a
Spacecraft Formation
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Abstract—

In this paper we present a solution to the problem of
controlling relative attitude in a leader-follower spacecraft
formation, with focus on the rotation path for the follower
spacecraft. Mathematical models of relative attitude kinematics
and dynamics are presented, and a nonlinear control law
designed by use of integrator backstepping is used to control
the relative attitude in the formation. The resulting control
law is proved to result in asymptotically stable equilibrium
points in the closed loop system, and by a convenient choice
of backstepping variables, it is ensured that a proper rotation
path is used. Simulation results for a leader-follower spacecraft
formation are presented to illustrate the performance of the
presented control law.

I. INTRODUCTION
A. Background

Spacecraft flying in formation are revolutionizing our way
of performing space-based operations, and brings out several
advantages in space mission accomplishment, as well as
new opportunities and applications for such missions. The
concept makes the way for new and better applications in
space industry, such as improved monitoring of the Earth
and its surrounding atmosphere, geodesy, deep-space imag-
ing and exploration and even in-orbit spacecraft servicing
and maintenance. The replacement of traditionally large
and complex spacecraft with an array of simpler micro-
satellites introduces a multitude of advantages regarding
mission cost and performance. However, the advantages of
using spacecraft formations come at a cost of increased
complexity and technological challenges. Formation flying
introduces a control problem with strict and time-varying
boundaries on spacecraft reference trajectories, and requires
detailed knowledge and tight control of relative distances and
velocities for participating spacecraft.

B. Previous Work

Synchronized control of relative attitude in spacecraft for-
mations has received increased attention over the last years.
State feedback tracking control laws for relative position
and attitude were developed in [1], [2], and these solutions
were proved to result in exponentially stable equilibrium
points in the closed loop system. Nonlinear attitude tracking
control of spacecraft formation was presented in [3], with an
attitude parameter-independent open-loop solution based on
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a method for computing a multiaxis target tracking trajec-
tory. A method for control of relative attitude in spacecraft
formations using behavior-based control was presented in
[4], where it was also showed how to rotate a group of
spacecraft while maintaining the relative attitude. A method
for coordinated attitude control by state feedback for the
case where the leader satellite is not able to follow its
reference attitude trajectory was proposed in [5], where the
follower satellite is commanded to follow a combination
of its reference attitude and the leader satellite attitude.
In [6], a nonlinear tracking controller for both relative
position and attitude was presented, including an adaptation
law to account for unknown mass and inertia parameters
of the spacecraft. The controller ensures global asymptotic
convergence of position and velocity errors; the proof relies
on a standard signal-chasing analysis and Barbalat’s lemma.
Semiglobal asymptotic convergence of relative position and
attitude errors was proved in [7] for an adaptive output
feedback controller using relative position only, tracing the
steps of [6]. A scheme for attitude synchronization in a
leader-follower spacecraft formation using attitude feedback
only was presented in [8]. The controller was designed
using vectorial backstepping, and the solution comprises two
nonlinear observers for estimation of angular velocities. It
was showed that the attitude error rotation matrix converges
to the identity matrix in the closed loop system. An observer-
controller structure for attitude synchronization of a leader-
follower spacecraft formation was also presented in [9],
where the equilibrium points of the closed loop system was
proved to be UGAS by an application of the Matrosov
theorem.

C. Contribution

As described above, several approaches have been used
to synchronize attitude of spacecraft flying in formation.
Both state feedback and output feedback solutions have been
presented, and the controllers have attractive properties with
respect to stability. However, few solutions focus on power
consumption and optimality of spacecraft rotations. As the
spacecraft formation flying concept opens up for use of
smaller spacecraft, there are increasing demands regarding
weight, onboard equipment and low power consumption. Es-
pecially, for small spacecraft with limited space for energy-
generating equipment such as solar panels, the possibility
to control the spacecraft attitude optimal in terms of rotation
path and power consumption is of utmost importance. To this
end, we propose a control solution for regulation of relative
attitude in a leader-follower spacecraft formation, focusing
on optimality in rotation path, resulting in reduced power
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consumption. The solution is a quaternion-based controller
designed by use of integrator backstepping, and is based
on extending earlier works in [10], [11] on single-satellite
attitude control. By combining the integrator backstepping
concept and the redundant four-parameter attitude repre-
sentation given by quaternions, we present a controller for
relative attitude in a leader-follower spacecraft formation
which results in asymptotically stable equilibrium points in
the closed loop system. Our choice of backstepping design
variables gives the advantage that the closest equilibrium
point with respect to rotation path is always chosen when
a given attitude change is commanded.

The rest of the paper is organized as follows: Section
IT defines the different reference frames used and presents
the mathematical models of relative attitude dynamics and
kinematics in a leader-follower spacecraft formation. The
controller design is performed in Section III, and simulation
results of a system with the derived controller are presented
in Section IV. Concluding remarks are given in Section V.

II. MODELLING

In this section, we formulate the satellite formation prob-
lem. We describe the different reference coordinate frames,
together with the necessary coordinate transformations, that
form the basis for our system, before we present models of
the relative attitude kinematics and dynamics in a leader-
follower spacecraft formation.

A. Cartesian Coordinate Frames

The coordinate reference frames used throughout the paper
are shown in Fig. 1 and defined as follows:

1) Earth Centered Inertial (ECI) Frame: This frame is
denoted #;, and has its origin located in the center of the
Earth. Its z axis is directed along the rotation axis of the
Earth towards the celestial north pole, the x axis is directed
towards the vernal equinox, and finally the direction of the
y axis completes a right handed orthogonal frame.

2) Leader Orbit Reference Frame: The leader orbit frame,
denoted 7, has its origin located in the center of mass of
the leader spacecraft. The e, axis in the frame is parallel to
the vector r; pointing from the center of the Earth to the
spacecraft, and the e;, axis is parallel to the orbit momentum
vector, which points in the orbit normal direction. The eg
axis completes the right-handed orthogonal frame. The basis
vectors of the frame can be defined as

I h
, = —, eg =e; X e, and e, = —,
r h
where h = r; x 1; is the angular momentum vector of the
orbit, and 4 = |h|.

3) Follower Orbit Reference Frame: This frame has its
origin in the center of mass of the follower spacecraft, and
is denoted 7r. The vector pointing from the center of the
Earth to the center of the follower orbit frame is denoted
ry. Its origin is specified by a relative orbit position vector
p=[xy z]T expressed in #; frame components, as shown
in Figure 1, and the frame unit vectors align with the basis
vectors of 7;. Accordingly,

)

p=ry—r; = xe +yeq+z€;. 2)
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Fig. 1. Reference coordinate frames [12].

4) Body Reference Frames: For both the leader and the
follower spacecraft, body reference frames are defined and
denoted ¥, and ¥, respectively. These frames have, similar
to the orbit frame, the origin located in the center of mass
of the respective spacecraft, but the basis vectors are fixed
in the spacecraft body and coincide with its principal axis of
inertia.

B. Coordinate Frame Transformations

1) Rotation from ECI to Leader Orbit Frame: The ro-
tation from the ECI frame to the leader orbit frame is
dependent on the parameters of the leader spacecraft orbit,
and can be expressed by three consecutive rotations. The
total rotation matrix can be written (cf. [13])

R =R, R R 0 3)

where Q is the right ascension of the ascending node of the
orbit, i is the inclination of the orbit, v is the true anomaly
of the leader orbit, and ® is the argument of perigee of the
same. The sum of v and ® represents the location of the
spacecraft relative to the ascending node.

2) Body Frame Rotation: The rotation matrix describing
rotations from an orbit frame to a body frame can be
described by

R% = [c1 ¢ ¢3] =I+2nS (e) +28%(¢) (4)
where the elements ¢; are directional cosines, and
a=[n ¢ ] 5)
are the Euler parameters, which satisfy the constraint
V+e'e=1. (6)
The matrix S(-) is the cross product operator given by
0 -—g g
S(e)=| ¢ 0 —& 7
—€ & 0

when € = [g, g, g.]". The inverse rotation is given by the
complex conjugate of q as

a=[n -¢ | ®)
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and the quaternion product is defined as (cf. [14])

ninz2 _alTEZ :l . (9)

A
4red = [ nigs +Mae1 +S(€1) &2

C. Relative Rotational Motion

1) Attitude Kinematics: The time derivative of a rotation
matrix R} as in (4) can according to [14] be written as

R, =S (0fs,) RS = R3S ()

where coZb is the angular velocity of frame b relative
to frame a represented in frame b and S(-) is the cross
product operator described in (7). The kinematic differential
equations for a spacecraft in its orbit frame can be found
from (10) together with (5) as

(10)

Is = ns _1 _S;r sb
4= [ & :| 2 |: NI+ S (&) :|(Ds,sb (11D
sb

where @’ is the angular velocity of the spacecraft body
frame relative to the orbit frame, referenced in the body
frame. The superscript/subscript s is used in general to denote
the spacecraft in question, so s =/, f for the leader and
follower spacecraft, respectively.

2) Attitude Dynamics: With the assumptions of rigid body
movement, the dynamical model of a spacecraft can be
derived from Euler’s momentum equation as (cf. [13])

- sb sb b b | qsb
Tk, =S (0h ) Jol, +th+ts  (2)
sb sb
O 5 = O; 5+ o€ 13)
where J; is the spacecraft inertia matrix and wf’;b is the

angular velocity of the spacecraft body frame relative to the
inertial frame, expressed in the body frame. The parameter
®, is the orbit angular velocity, tfib is the total disturbance
torque, ’czb is the actuator torque, and ¢, is the directional
cosine vector from (4).

3) Relative Attitude: By expressing the relations in (11)
and (12)-(13) for both the leader and the follower spacecraft,
and utilising the quaternion product

_ M +efe ]
=qrQq = : . 14
1=ar=a [ nier —Myser —S(er) e (19
the relative attitude kinematics can be expressed as
a1 —'
q_[é}_z[nIJrS(s)}m (15
where
o =o/;, — R} o, (16)

is the relative angular velocity between the leader body
frame and the follower body frame. Moreover, from (16)
the relative attitude dynamics can be expressed as

: - fb 2 /b b b Ib
Jro :me{,fb - JfRﬁ ;1 — JfR{b ;15 a7
. fb b b . Ib
=300, 38 (o}, ) o-JRY 6, (8)

where (10) and the facts that u)f;b_fb = and S(a)b =
—S (b) a have been used. Insertion of (12), evaluated for both
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leader and follower, into (18) results in
3y0+1,8 (R olty, ) o— IR 'S (ol ) ol

+S (‘D +R]) wff?b) s (03 +R]) ‘”ff?b) =Yq+ Yo (19)

where

Ya =1~ IR O (20)
and

Yo =ty — R Tl @1)

are the relative disturbance torques and relative actuator
torques, respectively. The fourth term in (19) can be rewritten
as

b b b Ib
S (0"+ Rﬁ; (Di,lb) Jr ((DJF R{h mi,lb) =

(S (Riyol,) =8 (3 (0+ R wlk) ) ) o

+5 (R ol ) IRl 2
and accordingly, (19) can be written as
Jio+C(w)o+n(0) =Y+, (23)

where
C(o)=JS (R{Z’mfﬁb) +S (lelj’a)fﬁb) Jy
—s(Jy (0+Rpel)) 4
is skew-symmetric, C () € SS(3), and
n(w)=S (Rﬁbﬂ)%b)'}f Rﬁb(‘)fﬁb
~ RIS (o ) Dol 25)

is a nonlinear term.

III. CONTROLLER DESIGN

Having established the mathematical models of relative
attitude kinematics and dynamics in a leader-follower for-
mation, we now present a solution to the control problem,
using the integrator backstepping concept to design a control
law based on quaternions. We also provide an analysis of
the resulting stability properties, together with some remarks
regarding the solution. Finally, we present some notes on the
implementation of the control law.

A. Integrator Backstepping

To solve the control problem, a control law for regulating
the relative attitude between the leader and follower space-
craft from an arbitrary initial quaternion g to a constant
reference quaternion q, = [nd SJ]T is needed.

Step 1 The first step in integrator backstepping involves
control of (15), and the first backstepping variable is chosen

as
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T
where q = [n € } is given from the quaternion product

Nan+¢,€ ] o7

Neg —Mae—S(gq) €

Perfect set-point control can be expressed in quaternion
notation as [15]

~ +1

a=1 o |-

Similar to (15), the error kinematics can be expressed as

fl—qcz®(l—{

qQ=4qq = (28)

(29)

-1

— 1 _ET ®
2| AI+S(®)
1 —gT
=——| = ~ | ® 30
2 [ M+S(€) } e
since ® = Wy — ® = —® where the desired relative angular
velocity @y = 0. A virtual control input is defined as
®=0+2 (€29)

where o is a stabilizing function and z, is a new state
variable. This, together with (30) leaves the z;-system as

il _ [ 7Sgné(ﬁ)ﬁ :| (32)
__1[ sen()e’
=3 [ A+SE) | @ (33)
1
== 36" @ (o +m) (34)
where
T ey | sen()E"
G (@)= { AL+S () } (35)
It can be shown that
G(@z1=0 < sgn(fE=0 (36)

and the signum function sgn (x) is therefore defined nonzero
as

-1, x<0
sgn(x) = | >0

to avoid a singularity when | = 0. A Lyapunov Function
Candidate (LFC) is chosen as

(37)

Vi =z] 7, (38)
Vi=2z]2=-2/G' (§) (0 +22). (39)

Furthermore, the stabilizing function o is chosen as
o =KiG(§)z (40)

where K| = KlT > 0 is a feedback gain matrix. Inserting this
into the LFC in (39) yields

Vi=-2/G'K |Gz —2{ Gz, (41)

where the argument of the matrix G(q) is left out for
readability. It should be noted that G'K;G is a symmetric
positive semidefinite matrix. The z;-system from (34) can be
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written accordingly as
. 1
7 =— EGT (o +122) (42)
1 1
=— EGTKl(;zl — EG%. (43)

Step 2 For the second step, (31) is differentiated to express
the z>-dynamics as

Z=0—0 (44)
and insertion of (23) leaves
Jrzo =Jr0—Jrou (45)
=Yq+Y,—C(w)o—n(0)—Jsd. (46)
A second LFC can now be expressed as
Vo=Vt 32 Iy 1)
and hence
Vo=Vi+2, )52 48)
=Vi+z; Y+ Y.~ C(@)o—n(o)—Ju]. (49

Assume that the leader spacecraft is perfectly controlled in its
orbit, so that Tébl = —Tg}, and that the disturbance torque IZ?
can be measured or estimated. Then, choosing the actuator

torque as
b 3 — 10
T, = —Kozo + Gz + C(w) 0 +n (o) +J 0 — 75, (50)

where K> =K, > 0 is the feedback gain matrix for the z,-
system, leaves the LFC as

Va =Vi+2; [—-Kpzz + Gz (51)
=-2/G'K Gz — 2, Kyz, <0 (52)
and the closed-loop dynamics as
1 1
7 =— 5GTK]GZ, - EGTzQ (53)
Jrzo = — Koz + Gz . (54)

B. Stability Properties

The stability properties of the closed loop system given
by (53)-(54) follows from (47) and (52). From (47) it is
seen that V,(z1,2z2) > 0, V2(0) =0 and V,(z1,2z2) — o as
(z1,2p) — 0. Hence, Lyapunovs direct method [16] ensures
stability and therefore boundedness of Gz;,z,. Moreover, it
is recognized from (52) that V> = 0 implies (Gz;,22) = (0,0),
and furthermore from (6), (31), (36) and (40) that € =0,
M = +1, and ® = 0. Hence, from invoking standard Lyapunov
theorems [16], it follows that both of the equilibrium points
@=[+107]T are asymptotically stable (AS), and it follows
from (28) that q — qg as t — oo.

Remark 1: 1If the first backstepping variable in (26) is

chosen as
m[1~“}
€

the equilibrium point @ = [1 0T]" will be asymptotically
stable, while § = [~1 0']" will be unstable. Hence, the

(55)
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scalar part of the quaternion must always be regulated to
the stable point where fj = 1, even if a rotation to the point
where 1| = —1 requires less power. A discussion concerning
this can be found in [17]. When both equilibrium points are
asymptotically stable, the relative attitude can be regulated
to the closest equilibrium point with respect to rotation path,
which will imply less use of energy.

Remark 2: We stress that the asymptotic stability prop-
erties for the equilibrium points are only local in SO(3).
Since the unit quaternion parameter set is redundant, a given
physical attitude for a rigid body will have two mathematical
representations, where one of these includes a rotation of 21
about an axis relative to the other. This is the advantage
that is exploited by our choice of backstepping variables,
to render both equilibrium points asymptotically stable, as
mentioned in Remark 1. Based on the physical nature of the
problem, it might be appealing to think that the equilibrium
point set §=[+10"] " has global stability properties, but this
is however not the case, at least not in SO(3). A discussion
concerning this point can be found in [18].

Remark 3: The second term of the control torque equation
(50) includes the matrix G (§), which can be interpreted as
a state dependent feedback gain matrix. This implies that as
the quaternion error increases, the gain will do the same.

Remark 4: The asymptotic stability property of the equi-
librium points is a result of the assumption of known dis-
turbance torque ’cé? and a perfectly controlled leader. If this
assumption is relaxed to unknown, but bounded, disturbance
torques and leader motion, it can be shown that the stability
property will degenerate to uniform practical stability (cf.
[19], [20]). That is, the state errors in the closed-loop system
can be proved to converge from any initial conditions to a
ball in close vicinity of the origin in a stable way, and this
ball can be diminished arbitrarily by increasing the gains in
the control law. However, the stronger assumption is used
in this paper to better illustrate the point of utilizing the
quaternion redundancy, as mentioned in Remark 1.

C. Implementation

The control law given by (50) contains the expression ¢
that involves time derivatives of the states, and this should
be avoided when the control law is implemented. A possible
solution is to use the model equations as a sort of smooth
differentiators, instead of differentiating the measurements
directly. The time differentiation of (40) can be performed
as

o =K [G(§)z1 +G (@) 2] (56)

where z; can be found from (33). Moreover, G (§) can be
expressed as

N T
G@ =i e 2V |

o 9T | fI+S(8) 57

The expressions for fj and & as presented in (30) can now
be inserted to remove the time differentiated states in the
controller.
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Relative attitude and angular velocity
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Fig. 2. Simulation result of a spacecraft formation using quaternion-based
backstepping, small angle deviation.

IV. SIMULATIONS

In this section, simulation results are presented to illustrate
the performance of the presented control law. In the simu-
lations, the orbital perturbations are assumed to be perfectly
known or estimated based on measurements. Both the leader
and the follower spacecraft have moments of inertia given as
J= diag{ 4.350 4.3370 3.6640 } kgm?. The leader is
assumed to follow an equatorial orbit with a perigee altitude
of 250 km and eccentricity e = 0.3. The follower is assumed
to have available continuous torque about all body axes, with
a maximum torque of 0.4 Nm. In all the simulations, the
controller gains K; = 0.05I and K; = 41 have been used.

A. Results

The simulation results of a spacecraft formation where the
follower uses the backstepping controller (50) are presented
in the following. Fig. 2 shows the relative attitude error in
terms of quaternions, the relative angular velocity error and
power consumption of the follower when the initial relative
attitude between the leader and follower spacecraft is ©; =
[15° —45° 30°]", where © denotes the Euler angles for the
axes e,, eg and ey, respectively, and the desired relative atti-
tude is ©; = [0° 0° 0°] ". This corresponds to the quaternion
values q; = [0.8718 0.2147 —0.3353 0.2853]T and q =
[£1000]". The desired relative attitude is reached in
approximately 20 seconds, and the power consumption over
one orbit is 0.1426 Ws, with peak consumption 0.0120 W.

Fig. 3 shows the relative attitude error, the relative angular
velocity error and the power consumption of the follower
spacecraft when the relative initial attitude in the formation
is ©; =[—75° —175° 70°]" and the desired relative attitude
is ®; = [0° 0° 0°]". This corresponds to the quaternion
values q; = [—0.3772 —0.4329 0.6645 0.4783]" and q4 =
[£1000]". The desired relative attitude is reached in
approximately 25 seconds, and the power consumption over
one orbit is 0.9315 Ws, with a peak power consumption of
0.0458 W. Note that the relative attitude error converges to
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Relative attitude and angular velocity
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Fig. 3. Simulation result of a spacecraft formation using quaternion-based

backstepping, large angle deviation.

Relative attitude and angular velocity
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Fig. 4. Simulation result of a spacecraft formation using quaternion-based
backstepping, large angle deviation, suboptimal rotation.

the equilibrium point § = [~1 0], as opposed to Fig. 2
where the resulting relative attitude error is §=[1 07]".

This latter simulation result can be compared with the one
given in Fig. 4, where a controller derived by the same
approach, but with z; given by (55) is used. The initial
and desired relative attitudes are the same as in Fig. 3, but
since @ =[1 0"]" is the only stable equilibrium point, the
controller forces the relative attitude in the formation towards
this. The result is an increased settling time of about 20%
to approximately 30 seconds, and the power consumption
goes up by approximately 32% to 1.234 Ws, and peak power
increases with approximately 14% to 0.0522 W.

V. CONCLUSION

In this paper we have presented a solution to the problem
of controlling relative attitude in a leader-follower spacecraft
formation, with focus on optimality in rotation path for the
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follower spacecraft. Mathematical models of relative attitude
kinematics and dynamics were presented, and a nonlinear
control law designed by using integrator backstepping was
derived to control the relative attitude in the formation. The
resulting control law was proved to result in asymptotically
stable equilibrium points in the closed loop system, and by a
convenient choice of backstepping variables, it was ensured
that a proper rotation path was used in terms of optimality.
Finally, simulation results for a leader-follower spacecraft
formation were presented to illustrate the performance of
the presented control law.
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