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Abstract

Previous work on stabilization of compressor surge is extended
to include control of the angular velocity of the compressor�
First a low order centrifugal compressor model is presented
where the states are mass �ow� pressure rise and rotational
speed of the spool� Energy transfer considerations are used to
develop a compressor characteristic� In order to stabilize equi�
libriums to the left of the surge line� a close coupled valve is
used in series with the compressor� Controllers for the valve
pressure drop and spool speed are derived� Semi�global expo�
nential stability is proved using a Lyapunov argument�

�� Introduction

Compressor surge is an axisymmetric oscillation of the mass
�ow and pressure rise� Modeling and control of these oscil�
lations is of considerable interest since surge limits the use�
ful range of mass �ows where the compressor operate stably�
Large amplitude surge can also damage the compressor� A low
order lumped parameter model capable of simulating these os�
cillations was �rst introduced in ��	
� where a model for axial
compressor mass �ow and pressure rise was presented� In ���

it was shown that the model of ��	
 is also applicable to cen�
trifugal �radial
 compressors�

Over the last decade many papers covering the area of surge
control have been published� A recent review can be found
in ��
� Of many possible actuation schemes� closed coupled
valve �CCV
 control is considered one of the most promising
��� ��� ��� ��� ��
� Experimental results of CCV control is re�
ported in ��
 and ���
� The cause of surge in a compression
system is that the throttle line crosses the compressor charac�
teristic in an area of positive compressor characteristic slope�
A close coupled valve is placed immediately downstream of
the compressor �hence close coupled
� and active control of the
valve pressure drop is utilized to make the slope of the equiva�
lent compressor �compressor in series with the valve
 negative
and thereby stabilizing the system�

This approach was used in ���
� ���
 and ���
 for surge control
of the model of ��	
� Linear stability analysis was used in de�
signing control laws resulting in local stability results� In ���

pressure disturbances were included in the analysis� and a non�
linear CCV control law was designed for the model of ��	
 using
Lyapunovs method� By applying backstepping ��
 developed
nonlinear surge controllers for the same model� but included
disturbances both in mass �ow and pressure� Global stability
results was presented� In ��
 certain passivity properties of the
model was utilized in designing a CCV control law�

One drawback of CCV control is that the valve introduces a
pressure drop in the compression system as discussed in ���
�
When using the valve as a steady�state device� such as in ��
�
this loss may become unacceptably large� However� as pointed
out in ���
 and ���
 � a time varying valve will introduce consid�
erably less pressure drop than a valve with constant pressure
drop�

Since compressor are variable speed machines� it is of interest
to investigate the in�uence of speed transients on the surge

dynamics� Models describing this interaction was developed in
��
 for axial compressors and in ��
 for centrifugal compressors�
As surge can occur during acceleration of the compressor speed�
it is of major concern to develop controllers that simultaneously
can control both surge and compressor speed�

In this paper we present a surge controller for a variable speed
centrifugal compressor� The speed is controlled with a PI�
control law� Inspired by ��
 and ���
� we make a departure
from the �rd order polynomial approximation of the compres�
sor characteristic commonly used in the literature� Fluid fric�
tion and incidence losses in the compressor stage are modeled�
and a variable speed compressor characteristic is developed
based on this� Semi�global exponential stability results for the
proposed controllers are given using Lyapunovs method� The
results are con�rmed through simulations�

�� Preliminaries

We are considering a compression system consisting of a cen�
trifugal compressor� close coupled valve� compressor duct�
plenum volume and a throttle� The throttle can be regarded
as a simpli�ed model of a turbine� The system is showed in
�gure ��a� The model to be used for controller design is in the
form

�pp �
a���
Vp

�m�mt


Lc
A�

�m � p� � pp

J �� � �t � �c� ��


where m is the compressor mass �ow� p� is the pressure down�
stream of the compressor� a�� is the inlet stagnation sonic ve�
locity� Lc is the length of compressor and duct� A� is the area
of the impeller eye �used as reference area
� J is the spool mo�
ment of inertia� �t is the drive torque and �c is the compressor
torque� The two �rst equations of ��
 are equivalent to the
model of ��	
�

The angular speed of the compressor � is included as a state
in addition to mass �ow and pressure rise which are the states
in Greitzers surge model� The equation for �pp follows from
the mass balance in the plenum� assuming the plenum process
isentropic� and the equation for �m follows from the impulse
balance in the duct� In the following� the model ��
 will be
developed in detail� In particular� expressions must be found
for the terms p� and �c� It will also be shown that an expression
for the compressor characteristic results from this derivation�

Incoming gas �air
 enters the impeller eye �the inducer
 of the
compressor with velocity C�� see �gure ��b� The mass �ow m
and C� is given by

C� �
�

���A�
m� ��


where ��� is the assumed constant stagnation inlet density�
The tangential velocity U� of the inducer is calculated as

U� �
D�

�
� � D��N� ��
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Figure �� �a�Compression system� �b�Velocity triangle at inducer�
�b�Velocity triangle at impeller tip and �d�Incidence angles

where � is the angular velocity of the impeller and N is the
number of revolutions per second� The average diameter D� is
de�ned according to

D�
� �

�

�
�D�

t� �D�
h�
� ��


where Dt� and Dh� are the diameters at inducer tip and hub
casing respectively� The circle with diameter D� and area A�

divides the inducer in two annuli of equal area� The compressed
gas leaves the impeller at the impeller tip with velocity C� as
showed in �gure ��c� The diameter at the impeller tip is D�

and the tangential tip velocity is U��

�� Energy transfer and compressor torque

���� Ideal case

Eulers turbomachinery equations state that applied torque
equals the change in angular momentum of the �uid

�c � m�r�C�� � r�C��
� ��


where �c is the compressor torque� r� � D�
�
� r� � D�

�
and

C�� is the tangential component of the gas velocity C�� Power
delivered to the �uid is

�Wc � ��c � �m�r�C�� � r�C��


� m�U�C�� � U�C��
 � m�h�c�ideal ��


where �h�c�ideal is the speci�c enthalpy delivered to the �uid
without taking account for losses� Equation ��
 is known as
Eulers pump equation� For simplicity the following two as�
sumptions are made� A radially vaned �no backsweep
 impeller
is considered with ��b � �	�� and there is no pre�whirl� that is
�� � �	� � C�� � 	� The slip factor is de�ned as

	
�

�
C��

U�
� ��

�

i

 ��


The approximation is known as Stanitz� formula where i is the
number of compressor blades� From ��
� and using ��
� we have
that the ideal speci�c enthalpy delivered to the �uid is

�h�c�ideal �
�Wc�ideal

m
� 	U�

� � ��


and that the compressor torque is

�c � mr�C�� � mr�	U�
 ��


Notice that �h�c�ideal is independent of mass �ow m� and ide�
ally we would have the same energy transfer for all mass �ows�
However� due to various losses� the energy transfer is not con�
stant� and we now include this in the analysis� According to
���
� the two major losses� expressed as speci�c enthalpies� are�
�� Incidence losses� �hi and �� Fluid friction losses� �hf �
Other losses such as inlet casing losses� disc friction losses�
leakage losses and collector losses do occur� but these will not
be considered here� Moreover� the incidence losses and �uid
friction losses play an important role in determining the region
of stable operation for the compressor�

���� Incidence losses

The velocity of the incoming gas relative to the inducer is de�
noted W�� In o��design operation there will be a mismatch
between the �xed blade angle ��b and the direction of the gas
stream �� � ���U�� C�
� as showed in �gure ��d� The angle of
incidence is de�ned by

�i
�

� ��b � ��
 ��	


As the gas hits the inducer� its velocity instantaneously changes
its direction to comply with the blade inlet angle ��b� The
direction is changed from �� to ��b� and the energy associated
with the tangential componentW�� of the velocity is lost� That
is� the incidence loss can be expressed as

�hi �
W �

��

�

 ���


From �gure ��d it is easily seen that

cos �� �
U� � C��

W�
and sin �� �

Ca�

W�

 ���


Furthermore

W�� �
sin���b � ��


sin ��b
W� � �cos �� � cot ��b sin ��
W�
 ���


Inserting ���
 in ���
 gives

W�� � U� � C�� � cot ��bCa�
 ���


and the incidence loss ���
 can be written

�hi�
�

�
�U� �C�� � cot ��bCa�


� �
�

�

�
U��

cot ��bm

���A�

��

���


where the second equality if found using ��
� Similar results
are presented in chap� � in ��
�

���� Frictional losses

According to ��
 loss due to friction can be calculated as

�hf � Ch
l

D

W �
�b

�
� ���


where Ch is the surface friction loss coe�cient � l is the mean
channel length and D is the mean hydraulic channel diameter�
This friction loss is actually calculated for constant area pipes
of circular cross section� The friction loss coe�cient Ch is
de�ned as ���


Ch � �f� ���


where the friction factor f depends on the Reynolds number�
Many di�erent formulas for the friction factor have been pub�
lished� see e�g� ��
 or ���
� Here we will use Blasius� formula

f � 	
�����Re
����� � ���


which was found empirically for turbulent �ow in smooth pipes
with Reynolds number Re below �		
			 ���
� The mean hy�
draulic channel diameter D is de�ned as

D �
�A

a
� ���




where the cross section area A and perimeter a are mean values
for the passage� The mean hydraulic diameter D corresponds
to a circle with area A and perimeter a� Although the passages
between the blades in the compressor are neither circular nor
of constant area� ��
 reports of good agreement between theory
and measurement using ���
�

Using �gure ��d� it is seen that

W�b

sin ��
�

W�

sin ��b
��	


and using sin �� � Ca�
W�

we get

W�b �
C�

sin ��b

 ���


Inserting ��
 and ���
 in ���
 gives

�hf �
Chl

�D���A
�
� sin

� ��b
m� � kfm

�
 ���


As can be seen the friction losses are quadratic in mass �ow
and independent of wheel speed U � Equation ���
 represents
the loss due to friction of a mass �ow m through a pipe of
hydraulic diameter D�

�� Energy transfer and pressure rise

Including the losses� the total speci�c energy transfer can be
calculated by subtracting ���
 and ���
 from ��
�

�h�c�U��m
 � �h�c�ideal ��hf ��hi
 ���


�h�c is a �nd degree polynomial in m� and as opposed to the
ideal case� we see that energy transfer to the �uid is varying
with mass �ow m� This is showed in �gure ��

To �nd an expression for the pressure rise we now need a re�
lation between pressure rise and energy transfer� The pressure
rise is modeled as

p� �

�
� �

�h�c�U��m


T��cp

� ��pol
���

p�� � �c�U��m
p��� ���


where the losses have been taken into account� and �c�U��m

is the compressor characteristic� We now have an expression
for the pressure p� needed in the model ��
� Although ���

may be a somewhat crude approximation for quantitative pur�
poses� the model turns out to capture the essential properties
of the compressor� and is in this respect useful in a qualita�
tive analysis� The inlet stagnation temperature T��� speci�c
heat capacity cp� polytropic e�ciency �pol and � are assumed
constant� The polytropic e�ciency �pol is given by

�pol �
n�� � �


��n� �

� ���


where n 
 � 
 � is the polytropic constant ��
� We as�
sume that n� and thus �pol� is independent of the pressure
ratio� The ideal energy transfer and the losses are shown
in �gure �� The curves are calculated for a compressor speed
of N � ��
			rpm� The compressor pressure characteristic as
calculated from equation ���
 is showed in �gure ��

In �gures � and � the numerical values for the compressor
parameters is taken from ��
� Comparing the compressor map
in �gure � with �gure � in ��
� which is based on physical
measurements� we see that they are almost similar�

The surge line is the line in the compressor map that divides the
map into an area of stable compressor operation and unstable
�surge
 operation� The line passes through the local maxima
of the constant speed lines in the map� and is drawn with a
solid line in �gure ��

�� Choking

When the �ow reaches the speed of sound at some cross�section
of the compression system� the �ow chokes� For now it is as�
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Figure �� Energy transfer for N � 	
���� rpm

sumed that the �ow chokes in the impeller� Assuming isen�
tropic �ow� ��
 calculated the choking �ow as

mchoke�U�
 � A����a��

�
� � �� � �


�
U�
a��

��
� � �

� �����

������

� ���


where

��� �
p��
RT��

and a�� �
p
�RT�� ���


is the inlet stagnation density and inlet stagnation sonic ve�
locity� respectively� It is seen than the choking mass �ow is
dependent on blade speed U�� Thus the impeller can accept
a greater limiting mass �ow rate at higher rotational speeds�
The e�ect of choking can be seen in �gure �� where a choke
line� also known as a stone wall� has been drawn� In this paper�
the e�ect of choking is treated in a approximate manner� Due
to sonic e�ects� the pressure rise would fall o� more gradually
when approaching the stone wall than shown in �gure ��

�� Dynamic model

To complete the dynamic model ��
� an expression for the
throttle mass �ow is needed� The mass �ow mt through the
throttle is modeled as

mt � kt
p
pp � p��� ���


where kt is the throttle gain proportional to throttle opening
and pp is the plenum pressure� The momentum balance of the
spool is

J �� � �t � �c
 ���


Using ��
 it is seen that

� �
�U�

D�
� �� �

� �U�

D�
� ��	


and thus we get a di�erential equation for U��

�U� �
D�

�J
��t � �c
 
 ���


The drive torque �t may be delivered by a turbine� and will be
used as a control variable for speed control� The compressor
and spool can only rotate in one direction� and the speed is
assumed upper bounded�

	 � U��t
 � Um
 ���


Using ��
 and ���
� and inserting equations ���
 and ���
 in
��
� we get the following dynamic model for the compression



system�

�pp �
a���
Vp

�m� kt
p
pp � p��


�m �
A

L

��
� �

�h�c�U��m


T��cp

� ��pol
���

p�� � pp

�

�U� �
D�

�J
��t � �c
 
 ���


	� Surge control idea

The reason for equilibria to the left of the surge line being
unstable� and causing the compressor to go into surge� is the
positive slope of the characteristic in this area� From �gure �
it is seen that the positive slope is due to the incidence losses
at low mass �ows� From the expression for the incidence loss�
equation ���
� it is clear that variable blade angle ��b would
make it possible to minimize the incidence losses over a range
of mass �ows� Thus variable inducer blades might be used as
a means of surge stabilization�

On the other hand� the maximum energy transfer and mini�
mum incidence loss do not occur for the same mass �ow� This
is due to the friction losses� The friction shifts the point of
maximum energy transfer� and consequently pressure rise� to
the left of the point of minimum incidence loss� From this we
conclude that the friction losses in fact have a stabilizing ef�
fect� and introducing additional �uid friction would move the
point of maximum energy transfer to the left� The e�ect of
this� when considering the compressor map in �gure � is that
the surge line will be shifted to the left� and the area of stable
compressor operation is expanded�

This motivates us to introduce a valve in series with compres�
sor� The pressure drop over this valve will serve as the control
variable� and it will be used to introduce additional friction
at low mass �ows in order to avoid surge� The use of a close
coupled valve for constant speed centrifugal compressor surge
control was studied in ��
� ���
 and ���
�


� Controller design and stability analysis

The equivalent compressor characteristic for compressor and
close coupled valve is de�ned as

�e�m�U�
 � �c�m�U�
��v�m
� ���


where �v�m
p�� is the pressure drop across the CCV and

�c�m�U�
 �

�
� �

�h�c�U��m


T��cp

� ��pol
���


 ���


Assume p�� m� to be the equilibrium values of pressure and
mass �ow as dictated by the intersection of the throttle and
compressor characteristics� and Ud to be the desired spool
speed� De�ne the following error variables

�p � p� p�� �m � m�m�� �U � U� � Ud
 ���


The equations of motion ���
 are now transformed so that the
origin becomes the equilibrium under study� Notice that no
assumptions are made about the numeric values of m� and p��
so that the equilibrium can be on either side of the surge line�
By including the CCV ���
� the model ���
 can be written in
the form

��p �
a�

Vp
� �m� �mt��p



�It is worth noticing that a time varying U is equivalent with a
time varying B�parameter 
��� Greitzer�s B�parameter as de�ned in


��� is given by B � U�
�a��

q
Vp

A�Lc
� where Vp is the plenum volume

and Lc is the length of the compressor and duct� Using �	��� a
nonlinear di�erential equation for B can be found�

��m �
A

L

��
��c� �m� �U
� ��v� �m


�
p�� � �p

�
��U � �

D�

�J
���t � ��c
 ���


where a hat denotes transformation to the new coordinates
���
� and ��p �m �U
T � �	 	 	
T is the equilibrium�

Theorem � The surge control law

��v � kv �m� ���


and the speed control law

��t � �kp �U � ki �I�

��I � �U� ���


where

kp 
 	 � ki 
 	 and kv 
 sup
�U� �m

	
� ��c� �m� �U


� �m



� ��� ��	


makes the origin of ���� semi�global exponentially stable	 That
is
 desired compressor speed Ud is achieved regardless of the
equilibrium being to the right or to the left of the original surge
line	 The design parameter �� 
 	 in ���� can be chosen freely	
The integral term in ��
� is added in order to robustify the
controller wrt to unmodeled torques
 arising from disc friction

leakages
 etc	

Proof � De�ne

z
�

�

�
�U
�I

�
and P

�

�

�
�J
D�

�
� ki

�
� ���


where � 
 	 and ki 
 	 are design parameters	 Consider the
following Lyapunov function candidate

V ��p� �m� �U� �I
 �
�

�
�V�p � V �m � Vspool
 � ���


where

V�p �
Vp

a������
�p� � V �m �

L

A����
�m� and Vspool � z

T
Pz
 ���


As all coe�cients in ���� are constant it follows that V is pos�
itive de�nite and radially unbounded
 provided that � is chosen
such that P 
 	
 that is

� �

r
�Jki
D�


 ���


Calculating the time derivative of ���� along the solutions of
���� and accounting for ��
� gives

�V � �m
�
��c� �m� �U
� ��v� �m


� p��
���

�
�

���
�p �mt��p
� kp �U

�

�� �U� �
�kiD�

�J
�I� �

�kpD�

�J
�U �I � �U ��c �

�D�

�J
�I��c
���


The �U ��c�term is the power consumed by the compressor	 The
last term in ���� can be upper bounded as

�
�D�

�J
�I��c �

�D�

�J

�
	D�

�Um
�D�

�
�m�

��
� �� �I

�

�
�m�

�U �I

�
���


using �
�
 ���� and Young�s inequality	 The parameter �� 
 	
can be chosen freely	 Now
 ���� can be upper bounded as

�V � �m
�
��c� �m� �U
� ��v� �m


� p��
���

�
	�D�

�Um
�J��

�m� �
�

���
�p �mt��p
�

�

�
z
T
Rz� ���


where

R�

�
� kp � � �

�J



D�kp �

�D�
�m�

�

�
�
�J



D�kp �

�D�
�m�

�

�
�
�J



kiD� �

�D�
�Um��
�

�
�
A 
 ���




Demanding R 
 	 gives the following conditions on �� and �

�� �
�kiD�

	D�Um
and ���


��min

���
��kp�

�JkpkiD� � �Jkp	D�Um��

�JkiD���J	D�Um���


D�kp�

�D�
�
m�

�

��
���
�� ��	


It is assumed that �mt satis�es the sector condition

�p �mt��p
 
 �� �p
�� ���


that is
 the throttle is assumed passive as in ����	 As �p �mt��p

is of order �

�
in �p
 ���� does not hold globally	 However for a

given �pmax such that

j�p�t
j � pm � t 
 	 ���


it will always be possible to chose �� small enough for ���� to
hold for j�p�t
j � �pmax	 Now
 the CCV pressure drop �v� �m
 is
to be chosen such that for the �rst term in ����
 the condition

� �m
�
��c� �m� �U
� ��v� �m


� p��
���


 	 � �U ���


is satis�ed	 Since p��
���


 	
 su�cient conditions for ���� to

hold is

�
�
��c� �m� �U
� ��v� �m


���
�m��

� 	 and ���


�

� �m

�
���c� �m� �U
 � ��v� �m


�

 	
 ���


It can be recognized that

��c�	� �U
 � �c�m�� Ud
��c�m�� Ud
 � 	� ���


��v� �m
 � kv �m � ��v�	
 � 	� ���


and thus ���� is satis�ed	 From ����
 we get

�
�

� �m
��c� �m� �U
 � kv 
 	� ���


and it follows that choosing kv according to

kv 
 sup
�U� �m

	
� ��c� �m� �U


� �m



� ���


guarantees that ����
 and thereby ���� being satis�ed	 More�
over
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where �� 
 	
 we get �m�v� �m
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 and ���� is modi�ed to
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Consequently �V can now be upper bounded as
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We now set out to compare the coe�cients of V and �V 	 The

cross terms in �U and �I are upper bounded using Young�s in�
equality
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where �� 
 	 and �� 
 	 are constants that can be chosen
freely	 Using ���� and ���� and comparing the coe�cients in
���� and ����
 it can be recognized that if the following inequal�
ities are satis�ed for some � 
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the following holds

�V � �V � V �t
 � V �	
e�	t
 ���


If �� is chosen according to ��
�
 and �� is chosen accord�

ing to �� 

��D�

�Um���

	J��p��

 and kv is chosen so that kv 


sup �U� �m

n

 �
c� �m� �U�


 �m

o
� ��
 and � is chosen according to ����

and ����
 then the inequalities ��������� are satis�ed for some
� 
 		 By ���� the origin of ���� is exponentially stable	
Due to assumption ����
 the stability result holds whenever
j�p�	
j � pm
 and thus the origin is semi�global exponential sta�
ble	

Notice that the parameter � can be used to calculate a lower
bound on the convergence rate of the system�

�� Simulations

In order to model the compressor pressure rise for negative
mass �ow �deep surge
 the following assumption is made�

�h�c�U��m
 � �h�c�U���m
� ���


the energy transfer is symmetric in m� This assumption is not
based on any physical considerations� but the resulting char�
acteristic bear resemblance to real compressor characteristic�
e�g� the one in ��
� In �gure � the response of the system dur�
ing surge is showed� The set point for compressor speed was
U�d � ��	m�s � N � �	
			rpm and the speed control law
���
 parameters were set to kp � ki � 	
	�� The throttle gain
was set to kt � 	
		�� which gives an unstable equilibrium to
the left of the surge line� This simulation is also showed in
�gure �� where the pressure rise has been plotted versus the
mass �ow in the compressor characteristic� As can be seen� the
compressor undergoes severe �deep
 surge oscillations� and the
compressor speed oscillates around the desired value� These
variations in spool speed was �rst described in ��
�
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Figure 	� Unstable equilibrium� After t � �s the �m�t�� p�t���
trajectory crosses the surge line� resulting in deep surge�

Now� the surge controller ���
 is used with kv � 	
�� The
speed set point� speed controller parameters and throttle gain
are as before� The results are shown in �gure �� The desired
speed is reached and the surge oscillations are eliminated� As
previously mentioned there is a loss associated with the CCV
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Figure �� �m�t�� p�t��p����trajectory plotted in the compressor char�
acteristic� The throttle line is plotted with a dash�dot line� the surge
line with a solid line and the stonewall with a dashed line� N is the
compressor speed in rpm� The surge cycle is clearly visible�

control approach� The pressure drop over the valve is showed in
the upper right corner of �gure �� At equilibrium the pressure
drop for this particular case is at ca� �kPa� Compared to
the pressure rise over the compressor at this equilibrium� well
over �		kPa this seems little when taken into account that
the compressor now is operating in an area of the compressor
map previously not possible� The CCV loss is dependent on
the controller gain kv� In this simulation the gain was set
to kv � 	
� to dominate the maximum positive slope of the
compressor characteristic�
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Figure 
� Same situation as in �gure 	� with surge control

��� Conclusion

A surge control law and a PI speed control law for a centrifu�
gal compression system have been developed� The modeling
of the compressor characteristic was based on energy losses in
the compressor stage� A close coupled valve was chosen as
an actuator for the surge control� Using Lyapunovs method�
the systems equilibrium was showed to be semi�global expo�
nentially stable� Through simulations it was con�rmed that

the compressor can operate stable and reach desired speed in
the previous unstable area to the right of the surge line in the
compressor map�
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